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Introduction

Differential calculus, as it is usually understood, may be seen as a formalism that allows to
“pass to the limit” in certain difference quotients and to prove basic rules for this procedure
— maybe the most important of these rules is the chain rule for C*-maps, which makes it
possible to define differential manifolds and Lie groups and many other important notions.
Here, we present an approach to differential calculus on finite- and infinite-dimensional
spaces which keeps close to this basic idea, but substantially widens the scope of differen-
tial calculus and the range of phenomena to which the familiar ideas of differential calculus
can be applied. Thus, we can work over arbitrary infinite fields (and, more generally,
suitable rings): none of the specific properties of the real or complex fields are needed
for our considerations. In the real and complex cases, we also profit: it becomes possible
to consider C*-maps also between non-locally convex spaces. All these cases are treated
in a uniform way, making it unnecessary to distinguish between “finite-” and “infinite-
dimensional differential calculus” or “real” and “ultrametric differential calculus,” and so
on, for the basic theory. In a way, we have distilled those aspects and core results of dif-
ferential calculus which are independent of any particular properties of the ground field.

This may sound utopian. In order to avoid misunderstandings, let us stress that we do not
make such an assertion about integral calculus: in general, we will not be able to integrate
even the simplest differential equation. The task of defining integral calculi leads to inter-
esting and often difficult problems which highly depend on the given context. Differential
calculus, however, appears as a part of analysis whose basic results are completely general,
relying on elementary linear algebra and topology only, not on particular properties of the
real or complex base field. This sharpens the eye for the peculiarities of the real, complex,
and ultrametric cases, as it facilitates to distinguish clearly between the general, basic the-
ory and those results, re-formulations and simplifications which indeed depend on specific
properties of the ground field or on properties of the topological vector spaces involved.

Let us explain our approach now, and describe the contents of the paper. Our basic idea
may be formulated as follows: “You shall never separate the limit of a difference quotient
from the difference quotient itself !” In other words, the limit of the difference quotient
alone may be of little use, but it becomes useful if it is considered as the continuous ex-
tension of the difference quotient map. Note that a map f: R* D U — R™ is of class C*
(in the usual sense) if and only if the difference quotient map

L Jar ) = g

admits a continuous extension onto some neighbourhood in U X R" X R of the set determined
by the condition t = 0. More precisely:

(z,v,t)

(¥) There exists a continuous map
U UXxR x RO UMY = {(z,v,t)|z €U,z +tv €U} - R™
such that f(z +tv) — f(z) =t- fl(z,v,t) for all (z,v,t) € UM,
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In fact, if (%) holds, then the differential of f at z is given by df (z)v = fl(x,v,0), and
conversely, if f is C', then the map fI!! defined by

[@tt)=f@) i 1 c R¥
. gl _y gm 7 nte 1

is continuous; this follows from the Fundamental Theorem of Calculus which provides,
locally, an integral representation

iz, v,t) = /1 df (x + stv)v ds. (2)
0

The same argument can be used to characterize C'-maps in the Michal-Bastiani sense,
also known as Keller’s Cl-maps (see [6], [15], [42], or Definition 7.2 below), between open
subsets of locally convex spaces. Here, the main point is that the Fundamental Theorem
of Calculus in its form (2) remains valid, regardless of completeness questions, because the
value of the integral in (2), a priori taken in the completed space, belongs to the space
itself since it is actually given by (1).

Motivated by these considerations, replacing R® and R™ with topological vector spaces,
we now take the characterization by (x) as definition of the class C' of continuously differ-
entiable mappings. This has several advantages: first of all, this is a reasonable definition
even in the case of general (i.e., not necessarily locally convex) topological vector spaces,
where the classical definitions stop to make sense. In a way, since no Fundamental Theo-
rem of Calculus is available beyond locally convex spaces, we have incorporated its most
relevant consequences in our definition of C''-maps. Secondly, and much more importantly,
the structure of the base field does not play a specific role in Condition (*) because we
only need to know what “continuous maps” are, that is, it works for general topological
vector spaces over topological fields and even for topological modules over topological rings
having a dense group of invertible elements. But we can (and will) interpret this way of
defining differentiability in a still more general way: it may be considered as a machine that
produces out of a class of mappings called “C%” a new class called “C'” (and admitting
“differentials”). By no means is it necessary that C° should always mean “continuous”;
any other class which shares certain basic formal properties with the class of continuous
mappings will do (this idea is present already in [47]). These formal properties are used to
define the notion of a “C%-concept” (Section 1). Then (Section 2) we define the class C*
by requiring the existence of a map f[! of class C° such that (%) holds. It turns out that a
crucial property of a C%-map f: K D U — F is that its value at a point is already deter-
mined by its values on the complement of this point. This is true for continuous maps from
non-discrete topological fields K into separated spaces, but it is is also true, for instance,
if K is an infinite field and C° denotes the class of rational maps defined on Zariski-open
parts of finite-dimensional K-vector spaces, where “rational” is taken in the naive sense
of being a quotient of a vector-valued polynomial and a scalar-valued polynomial. In this
way we get a differential calculus for rational maps over arbitrary (infinite) fields which,



in contrast to the well-known purely algebraic approach (cf. e.g. [43] or the appendix of
[50]), is not merely “formal”. A new feature in the “rational case” is that we have to use
as underlying topology the Zariski topology; but the Zariski topology on a product space
is not the product of the respective Zariski topologies (it is strictly finer). Thus in our
general definition of C°-concepts, we will allow product spaces to carry topologies that
may be finer than the product topology.

The basic differentiation rules are proved in Section 3 and, for higher order derivatives, in
Section 4. The proofs are “algebraic” in nature and in this way become often simpler and
more transparent even than the usual proofs in R® because we avoid the repeated use of
the Mean Value Theorem (or of the Fundamental Theorem) which are no longer needed
once they are incorporated in (x).!' Of course, the class C? is defined to be the class of
C'-mappings such that fl'/ (and not only df!) is again C'; we then let f1? := (fIH[" and
so on, leading to the class C* and to iterated maps f*! for all £ € N. The maps fI¥], in
spite of their simple definition, are very complicated objects: they have 2¥*! —1 arguments,
and there exist non-trivial relations between their values on certain sub-diagonals. It is
not exaggerated to say that a good deal of differential geometry can be understood as the
study of the invariance properties of the maps f[? and f*.

In Section 5 we discuss Taylor’s formula. It is truly remarkable that one can prove a
“Taylor formula” in arbitrary characteristic (Theorem 5.1 and 5.4). That is, every C*-map
admits a finite expansion (“développement limité”, cf. [21])

k
flz+th) = thaj(x, h) + t*R(z, h, 1)

§=0

with a remainder term R of class C° and taking the value 0 for ¢ = 0 (Theorem 5.1). The
interesting problem then is to identify the coefficients a;(x, h). They satisfy the relation
jlaj(x, h) = &2 f(z)(h, ..., h) with the j-th differential d’ f of f; if the characteristic of K
is zero, this implies Taylor’s formula in the usual form. In the general case, a;(z,-) is a
vector-valued form of degree j (Theorem 5.4) which is given by a (non-canonical, in case of
positive characteristic) polynomial expression (Theorem 5.6). The definition of forms and
polynomial maps between modules, together with basic facts, are provided in an appendix
(Appendix A). As far as we know, the purely algebraic problem of clarifying the precise
relations between the latter concepts has never been fully investigated.

In Section 6 we look at the special case of curves f: K O U — F'. In this case all arguments
z,v,t of the map fI!(z,v,t) belong to the same space K, and putting v = 1, the formalism
may be simplified. We then get a characterization of C*-maps which precisely generalizes
the one of C*-functions of one p-adic variable by W. Schikhof [69]. It follows that in the
p-adic case Schikhof’s and our definitions are equivalent (Proposition 6.9).

The main examples of C%-concepts and associated differential calculi are (Section 7):

LCf. [62] for another algebraic approach to differential calculus.
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(a) The case of Hausdorff topological vector spaces over K = R or C. It is proved that, if
the range of f is a locally convex topological vector space, our class C* coincides with
the class of C*-maps in the sense of Michal-Bastiani (Proposition 7.4). Furthermore,
in the complex case a mapping with locally convex range is of class C* (over C) if
and only if it is complex analytic in the usual sense (Proposition 7.7).

(b) Generalizing (a), the case of Hausdorff topological vector spaces over a non-discrete
topological field K (for example, an ultrametric field such as the p-adic numbers). As
shown in [69], analytic functions between open subsets of a complete ultrametric field
are of class C'°. We generalize this result to analytic mappings from open subsets
of ultrametric normed vector spaces to locally convex spaces (Proposition 7.20). We
also point out relations between C*-maps and strictly differentiable mappings.

(c) The rational case — as explained above; we take for C° the class of rational maps
between Zariski-open subsets of finite-dimensional K-vector spaces.

(d) CP-concepts facilitating to emulate “convenient differential calculus” (see [25], [45]).

Once the differential calculus has been developed, there is no problem in defining smooth
manifolds and to establish the basic features of differential calculus on manifolds (Part II,
Section 8). There are, however, some slight deviations from the usual theory: first of all,
when working over base rings, one should avoid maximal atlases and better work in the
category of manifolds with atlas. Second, we can no longer use the algebra C*°(M,K) of
smooth functions on a manifold M to define geometric objects since it may, even locally, be
reduced to the constants (see Remark 8.1). Thus vector fields should be defined “geomet-
rically” and not as differential operators. A systematic discussion of differential geometry
will be given in the subsequent paper [10]. In particular, it will be shown there that the
tangent bundle TM of M is, in a natural way, a manifold over the ring K[z]/(z?) (the
“dual numbers” over K). Thus, a “synthetic differential geometry for manifolds” in the
sense of [57] is possible in our context.

Lie groups are defined as usual to be groups in the category of manifolds in question
(Section 9). The Lie algebra of a Lie group is defined and it is proved that in this way
we get a functor into C%Lie algebras over K (Theorem 9.1). We also define symmetric
spaces (following [49]); the general theory (which includes an analogue of Theorem 9.1)
will be developed in [10]-[12]. Differential-geometric aspects of Lie groups are discussed
in [10], and the main classes of infinite-dimensional Lie groups over topological fields are
constructed in [36]; see Section 13 for an overview.

The constructions in [36] rely on results which are specific to the case of differential calcu-
lus over topological fields which are established in Part III of this paper. In particular, we
transfer ideas of the convenient differential calculus of Frolicher, Kriegl and Michor (see
[25], [45]) to the non-locally convex or ultrametric case. Notably, it is shown that a map
f:U — F on an open subset of a metrizable topological vector space E over K = R or an
ultrametric field K, with values in any topological K-vector space F, is of class C* if and



only if foc: KF! — F if of class C* for each smooth map c¢: K¥*' — U (Theorem 12.4).
Note that neither £ nor F' needs to be locally convex here. For the real locally convex
special case, compare [44]; and apparently, this result has also been inspired by Souriau’s
theory of diffeological spaces ([71], [51]). The utility of the preceding result, and its high
potential for applications, is illustrated in [30], where it is used to deduce a generalized
implicit function theorem for mappings on metrizable spaces over ultrametric fields, which
in turn facilitates the construction of a Lie group structure on diffeomorphism groups of
o-compact, finite-dimensional smooth manifolds over local fields (of arbitrary characteris-
tic) [36]. Cf. [52], [53] and further works by S.V. Ludkovsky for diffeomorphism groups in
characteristic 0 (considered as topological groups and manifolds). In the final section, we
describe (without proofs) examples of Lie groups over topological fields. All of the major
constructions of (infinite-dimensional) Lie groups familiar from the real or complex locally
convex case turn out to be extremely robust, and can be used just as well to produce Lie
groups over arbitrary topological fields, valued fields, or at least arbitrary local fields.

Further topics and open problems. The present work is basic for several subsequent
developments and raises many questions. We already mentioned the problem of defining
suitable integral calculi. For the p-adic case the reader may consult [69]. Another inte-
gration problem is the integration of Lie algebras: which C°-Lie algebras over K can be
integrated to Lie groups? This question generalizes the enlargibility problem of Banach-
Lie algebras solved by van Est and Korthagen [24]; see also [60] for results in the real
locally convex case. It is remarkable that in the category of Jordan algebraic structures
the corresponding integration problem can be solved under very general assumptions ([11],
[12]). Thus, via the Jordan-Lie functor (cf. [8], [9]) one gets a rich family of examples of
Lie structures (Lie groups and symmetric spaces) over K, and it would be very interesting
to know “how big” this family is inside the Lie category.

Another interesting problem would be to define differential calculi over non-commutative
base fields or -rings. In Sections 1 and 2, K could be non-commutative, but commutativity
is crucial for product- and quotient rule in Section 3. Thus, if K is non-commutative,
in general not even the polynomials on K would be differentiable. However, it might be
possible to compensate non-commutativity by an additional “twistor”-structure and to de-
fine a modified differential calculus; this would be rather special but may be interesting in
connection with exceptional geometries.

Another task would be to define “pointwise” C°-concepts and differentiability “at a point”
and to prove analogues of the usual differentiation rules in this set-up (see also [2] for a
comparative study of remainder conditions and notions of differentiability at a point).

As already mentioned, in our framework we are naturally lead to a more algebraic approach
to differential geometry where e.g. dual numbers can be used [10]. Moreover, if one wants
to generalize the theory of manifolds over K to include also “singular manifolds” and to
include all mapping spaces (“Cartesian closedness”), it seems possible to develop a theory
of “smooth toposes over K’ generalizing much of the real theory from [57].



Notation. In the following, K denotes a commutative ring with unit 1 (for a first reading,
the reader is well-advised to think of K as a field; for this reason we use the notation K
instead of the possibly more appropriate R).

Acknowledgements. The first named author owes much of the inspiration that lead to the present
approach to lectures by his former teacher H.S. Holdgriin (the reader may notice this by com-
paring with the book [41]), and to suggestions by his colleague Yanis Varouchas who died before
the final version of this text was ready. We would like to dedicate this work to his memory.

Part 1I: Differential calculus

1 C°-concepts

A topologized K-module is a K-module E, equipped with a topology 7 (F) (which need
not have any particular properties). We shall frequently omit the word “topologized,” for
convenience. The base ring K is also assumed to be equipped with a topology.

Definition 1.1 A C%-concept over K consists of the following data:

(a) a class M of topologized K-modules (usually denoted by E, F,...) is given, such
that K € M;

(b) for all E, F € M and each open set U € T(E), a subset C°(U, F) of the set C(U, F')
of continuous functions from U to F' is given;

(c) a functional class is given which associates to each pair (E;, Es) of topologized K-
modules F, F; € M a topology T(E; x F5) on the direct product E; x Ey (which
need not be the product topology), such that (E; x Es, T(E; X E3)) € M.

These data are required to satisfy the following three groups of axioms:

I. Basic axioms not involving products.

(I1) If two C%maps are composable, then their composition is C°. The identity map
E — E is C°, and, more generally, all inclusion maps U < E, U € T(FE), are C°.
This implies that restrictions of C%-maps to open subsets are C°.

(I.2) All translations and dilations, and hence all affine maps of the form
E—FE x—rx+b reK bek,

are C°. This includes the assumption that the topology is invariant under translations
and proper dilations.

(1.3) For any v,z € E, the affine map K — E, t — tv + x is C°.



(I.4) The set K* is open in K, and the inversion map i : K* — K is C°.

(I5) (Locality.) If f: U — F is a mapping such that f|y, € C°(U;, F) for some open cover
(Ui)iel of U, then f € CO(U, F)

I1. Basic axioms involving products.
(I1.1) The projections pr;: Ey X Ey — E; are C°, and for all x € Fy,y € F,, the mappings
E, — E; X Ey, v (v,y), Ey —» Ey x Ey, w— (z,w)

are CV.
(I1.2) If f;: U; — Fy are C°, i =1,2, then f; X fo: Uy X Uy — Fy x Fy is C°.
(IL.3) The diagonal map

0:E—-ExE, §&x):=(z,2)
is C°.

(IL.4) The exchange maps E' x F' — F x E and the natural isomorphisms (E; x Ey) x E3 =
E; x (Ey x E3) are C° in both directions.

(IL.5) The structural maps of the K-module E,

ExXE—E, (z,y)—z+y,

Kx E—E, (rv)m—rv
are C°.

III. Determination Axiom. A C%-map f: U — F on an open subset U C K is uniquely
determined by its values on UNK*. (In view of the preceding requirements this is equivalent
to: If flyngx = 0, then f = 0. If K is a field, then these properties are equivalent to: A
C%map f: K D U — F is uniquely determined by its values on the complement of one
point).

Of course, the topology on a topologized module £ € M need not be determined by the
underlying abstract module: various topologies on a given K-module may turn it into an
element of M.

Remark 1.2 Some immediate consequences of the basic axioms I and II are:

(a) partial maps obtained by fixing one or several arguments of a C%-map f: Ey x---X Ey D
U — F are again C?;

(b) a mapping f = (f1,fo): E D U — F; x Fy is CY if and only if so are its coordinate
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functions f; := pr;o f: U — F; for i € {1,2} (using that f = (f1 X f2) o |y, where
§: E — E x E is the diagonal map);

¢) sums and multiples of C°maps having values in the same space are again C?; in
g
particular,

L(E,F) := Homg(E, F) N C°(E, F)

is a K-module (which, however, we shall not try to turn into a member of M). Moreover,
if £ = K", then every linear map f: E — F'is of the form f = ZZ;‘:1 fij ti © pj with
projections p; : K* — K and linear maps ¢;: K — FE and hence is C?%; thus L(K", F) =
Hom(K", F'). In particular, GL(n,K) C L(K",K"), and it follows that the notion of a
C°-map on K" does not depend on the basis chosen.

Remark 1.3 Not all of the axioms of a C°-concept are independent of each other. For
instance, (I.2) and (I.3) are implied by the axioms of group II. However, we prefer to
mention these axioms explicitly since they do not involve products.

The Locality Axiom 1.5 will hardly be used in our development of the general theory; it
could be omitted if in Sections 8 and 9, the reader accepted to work entirely in the category
of manifolds with atlas (instead of using maximal atlases).

Remark 1.4 The Determination Axiom III is the key axiom for our differential calculus.
Some easy consequences are:

(a) The topology on K and hence on all other spaces cannot be discrete. In fact, if {z¢}
were open in K, then so would be U := {0}, and now f: U - K, z— 0 and g: U — K
x — 1 would be distinct C°-functions on U whose restriction to U N K* = @ coincides,
contradicting Axiom III. The same argument shows that K\ K* contains no non-empty
open subset, i.e., K* is dense in K.

(b) Assume U C FE is a neighbourhood of 0. Then U is absorbing in the sense that
KU = FE. (In fact, for z € E consider the set {t € K: tz € U} which, in virtue of I, is
a neighbourhood of 0 in K. As we have just remarked, it must then contain an element
t € KX. Therefore x = t~!(tx) € KU). In particular, proper submodules of E are never
open in E, nor do they contain open subsets.

(c) Assume f: E DU — F is C° and H C F is a proper submodule. Then f is uniquely
determined by its values on U \ H. This follows by applying III to ¢(¢) := f((1 —t)z +ty),
where z is an arbitrary point of U N H and y an arbitrary point of U \ H.

The following definitions allow us to use in our general context some notions that are
familiar from ordinary analysis:

Definition 1.5

(i) A subset U; C U is called C°-dense if, for all F € M and all f € CO(U, F), fly, =0
implies f = 0.



(ii) If 2o € U and f: U — F is C°, we say that the function f|\ (s} admits a limit at
xo which, by definition, is f (o), and we use the notation

lim f(z) := f(x0) .

T—T0
The C%map f being uniquely determined by its restriction f| U\{zo} Dy the Determi-
nation Axiom, we see that lim,_,;, f(z) is uniquely determined by f|i\ (s} (and thus
well-defined). More generally, if U; C U is C%-dense and zy € U \ Uy, we use the
same notation. Then lim,_,,, f(x) is uniquely determined by f|y,.

Note that, even when we are dealing with non-Hausdorff spaces, Definition 1.5 (ii) makes
it possible to define a unique limit in the situations we are interested in (one of the various
limits in the sense of general topology is picked out). However, we do not want to discuss
the notion of limits of “arbitrary” maps, nor do we want to define for such maps the notion
of being “C° at one point”.

Remark 1.6 (Fields versus rings.) All basic results of differential calculus from Sections 2,
3 and 4 hold for base rings as well as for base fields. The only exceptions are Lemma 2.6,
Lemma 3.9 (linking the continuous extension of difference quotients and partial difference
quotients), and Lemma 4.9 saying that being C* is a local property.

Therefore, when defining manifolds and Lie groups over base rings, C*-properties must
in principle be checked for all charts of a given atlas A and not only for some suitable
sub-atlas. This is no problem as long as one works in the category of manifolds with atlas.

2 From C° to C!

We fix for the rest of the paper a C°-concept over K and assume henceforth without further
mention that all K-modules E, F' ... belong to the class M. Generically, a non-empty open
subset of E will be denoted by U.

Definition 2.1 Let f € C°(U, F). We write f € C*(U, F) or say that f is of class C* if
there exists a C%-map

fUUxExKDUM = {(z,v,t)|zcU,z+tv e U} - F
such that
flz+1tv) — f(x) :t-f[l](a:,v,t)

whenever (z,v,t) € U (Note that U! is open since (z,v,t) — z+tv is C° by the axioms
of group I1.) Put another way (when K is a field): the C°-map

L @+ t) — (@)

UNN(EXxEXxK*)—=F, (z,0,1) p
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admits a C%-continuation “for ¢t = 07, i.e. onto U, Taking ¢ = 0, we define the differential
of f at x by

df(z): E—= F, v~ df(z)v:= fl(z,v,0).

(By the Determination Axiom III, the C%-map f!! is uniquely determined by f, and hence
df () is well-defined.) We shall also use the notation df (z,v) := df (z)(v).

Proposition 2.2 If f € C'(U,F) and x € U, then df (x): E — F is a K-linear C°-map.

Proof. Since f!!l is CY, it follows from Axiom II that the partial map df (z) = flt(z,-,0)
also is CV. Let us show that it is K-linear: Homogeneity:

Sf[l](a:: rv, 8) = f(x + S(TU)) - f(.T) = f(.?? + ST”U) - f(ﬂf) = STf[l](.T, v, S’f');
both sides are C? in s; for s € K* we divide by s and get
f[l](x7 T, S) = rf[l](:r,v, ST)'

By uniqueness of the C%-continuation, this still holds for s = 0 and then gives df (z)(rv) =
rdf (z)v.
Additivity: For s € K sufficiently close to 0, we have

sfl(z,v+w,s) = flz+s(v+w))— f(z)
f(x+ sv+sw) — f(z+ sv)+ f(z+ sv) — f(z)
sfl(z + sv,w, s) + sfl(z, v, ).

By the same argument as above it follows that
(@, v +w,s) = fOl(z + sv,w,s) + f(z,v,s),

which for s = 0 gives df (z)(v + w) = df (x)w + df (z)v. O

Example 2.3 Consider an affine map f(z) = Az + b, where A is linear and of class C°.
In this case sfltl(x,v,s) = A(x + sv) + b — (Az + b) = sAv, whence

fU(z,v,5) = Av and df(z)v = Av. (3)

Notation 2.4 The C%-map f!! whose existence is required by Definition 2.1 will be called
the difference quotient map of f. Depending on the context, the following notation involv-
ing the difference symbol A will also be useful:

%(x,v,t) = Ay f () := fO(z,0,1).
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For t =1, A, is the (ordinary) difference operator

A, f(x) = A1 f(z) = flx+v) — f(z) = fH(z,0,1)
(cf. [21] and Appendix A). The directional derivative in direction v

0,f (z) 1= Ay f(2) = fU(z,v,0) = df (x)v
is defined for all x € U and v € E. Finally, we define the tangent map by
Tf:UxE—FxF, (z,v) (f(x),df(z)v)
and the erxtended tangent map by
T UM S FxFxK (z,0,t)— (fla), Mz, 0,10),1).

For t = 0, T f contains T'f as a partial map, and for £ = 1, it contains the ordinary
difference map as a partial map. Finally, note that for differentiable curves, i.e. for C*-
maps from open subsets of K into F', Definition 2.1 can be simplified since it suffices here
to take v = 1 (see Section 6, where also a simplified notation for this case is introduced).

Remark 2.5 Our definition of differentiability is related to more common ones (as e.g. in
[46]) as follows: let us say that a C%-map h — f(h), defined on an open neighbourhood of
the origin in E, is O(h) if f(0) = 0. Now assume that f is C'! and write
fl+th) = f(x)+tfM(z,ht)
= f(@) +tdf (x)h+ t(f)(z, b,t) — f(z, h,0))

where ¢t — fl(z, h,t) — f(z, h,0) clearly is O(t). Thus we may say that
f(z +th) = f(z) + tdf (z)h + tO(t),

which is in close analogy with the usual definition of differentiability. Iterating this argu-
ment, we are lead in a straightforward way to Taylor’s formula (see Section 5).

It is useful to observe that in Definition 2.1, the set U!l may be replaced with any smaller
open neighbourhood of U x E x {0}, provided K is a field:

Lemma 2.6 Let K be a field, f € C°(U,F), and suppose that there exists a C°-map
g: P — F, defined on an open neighbourhood P of U x E x {0} in UM, such that

f@+ty) — f(z)
t

for all (z,y,t) € P, t#0. Then f is of class C*, and g = f!!p.

Proof. Using Eqn. (4) also for (z,y,t) € U\ P C UM N (U x E x KX), we extend g to a
mapping Ul — F, also denoted g. Then g is C° on the open set P (by hypothesis), and
also C° on the open set Q := {(z,y,t) € Ull: ¢ € KX}, as it is given by (4) there (and f
is C?). Since UM = PUQ, we deduce with the Locality Axiom 1.5 that g: Ul — F is C°,
and thus f is C!, with f = g. 0

(4)

g(z,y,t) =
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3 Chain rule and other differentiation rules

In this section, we establish the familiar basic rules of calculus in our general setting.

First, let us show that compositions of composable C'-maps are C'. To this end, assume
that f: U -V C F, g: V — H are defined on open subsets U C E and V C F', where
E F, H € M. Then we have:

Proposition 3.1 (Chain Rule) If f and g are of class C*', then also the composition
go f:U — H is of class C*. We have (f(x), fM(z,y,t),t) € VI for all (z,y,t) € UM,
and

(90 HM(zy,t) = gM(f (), f(z,y,1),1). (5)
In particular, d(go f)(z) = dg(f(x)) o df () for allz € U.

Proof. Let (z,y,1) € UM Then f(z-+ty) = f(x)+t/1)(z,y,1), hence (f(z), [z, y,1),1)
e VI and

where Ul — H . (z,y,t) — gM(f(z), fM(z,y,1),t) is C° by Axioms I and II. Thus go f is
C', with (g o f)I' given by (5). Taking ¢ = 0 in (5), the final formula follows. O

Using Notation 2.4, Equation (5) is tantamount to

T(go f)=TgoTf, (6)
and for £ = 0 we get the chain rule in the form
T(gof)=TgoTf. (7)

3.2 Linearity. If f and g are C', with values in the same space, then f 4+ ¢ and \f
(A € K) are C', and

(F+ o =r+g oM =art.

This follows from a trivial calculation, together with Axiom II which ensures that sum and
multiples of C%-maps are C°.

3.3 Product rule. If b: E; x Ey — F is bilinear and C?, then it is C* with
db(x1, x2)(h1, ha) = b(x1, he) + b(h1, x2) .
This follows from
b(z1 + thy, T2 + thy) — b(x1, x2) = t(b(hy, z2) + b(x1, he) + tb(hy, hs)).

13



Combined with the chain rule, we can now differentiate “products of functions” bo (g1 X gs)
in the usual way, and we see that C°-polynomials are C!. In particular, if f,¢g : U — K
are scalar-valued functions, then

(F)(z,v,1) = [ (2, 0,0)9(2) + f(2)g" (2, 0,1) + tf Mz, v, )" (z, v, 1)

which for t = 0 gives

d(fg)(@)v = f(z)dg(z)v + g(z)df (z)v.

Using Notation 2.4, we see that 0, is a derivation in the sense that

0v(fg) = (0uf)g + f(Ong)-

3.4 Example: Polynomial maps. For the squaring map ¢ : K — K, z — 22, we get

th)? — a?
Uz, h 1) = (x+th)” — o

= 2zh + th?,

whence dg(z) = 2z (note, however, that ¢['! is a polynomial of degree 3). Similarly, for
g(z) = z™ we have dg(r) = nz™ ! (note that this is zero if n = 0 in K). Moreover,
we see that, for any polynomial map p: K — K, pl¥ : K> — K is again a polynomial
map (which in general is of higher degree than p). For the definition of polynomial maps
between general K-modules, we refer to Definition A.5 in the appendix. If m: E¥ — F is
a K-multilinear map of class C°, then it is of class C*!, and the polynomial map f: E — F
obtained by restricting m to the diagonal is again C! (recall that the diagonal map 4 is C°
by Axiom II.3, and hence C'). In particular, polynomial maps K* — F are always C' (cf.
Remark 1.2 (¢)). If the domain F is not a free module, then no general statements of this
kind can be made.

3.5 Quotient rule. Recall from Axiom I and II that the multiplication map K x K — K
and the inversion map i: KX — K* are C°. Then the inversion map is in fact C*:

i(z+t)—i(z) = (+t) - t=2"z— (2 +tv))(z+tv)™"
= —z'tv(z+tv) = —tatv(r + tv) !

(note that we have used from the commutativity of K only that ¢ belongs to the center of
K), and thus

iz, v,t) = -z o(z + tv) 7,

and hence di(z)v = —z 'vz~!. (These arguments go through more generally for any unital
K-algebra with open unit group and such that product and inversion are C°: if this is the
case, then product and inversion are actually C'.)
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3.6 Example: Rational maps. We say that f: U — F is a rational map if f(z) =
q(z) " 'p(x) with polynomial maps p: E — F, ¢: E — K (in the sense defined in Ap-
pendix A) such that ¢(U) C K*. Product, chain and quotient rule imply that rational
maps are C'! if nominator and denominator are C' and are differentiated in the usual way.
In particular, rational maps f: K® D U — F are always C'.

3.7 (Direct Products). If f;: U; — F;, 1 = 1,2, are C', then so is f; X fo: Uy x U; —
F1 X FQ, with

(fl X f2)[1]((x17$2)= (Ul’UZ)’ S) = ((fl)[l](xlavlas)a (fQ)M(x%IU?’ 8)) : (8)

This readily follows from the definitions and Axiom II.

3.8 Rule on partial derivatives. Assume f: U — F is a C'-map, where U is open in
E; X E,. Then it follows from Axiom II that the partial maps f(z1,-) and f(-, z2) are also
C!. Then

f(371+tv1,332+t1)2)_f(»’Ul,QUZ) = f($1+tv1,$2+tvz)_f(331+t7)1,$2)

+ flz1 + tvr, 22) — f(z1,22)
Arf Ay f

= tA—l(:m, T2, v1,1) + tA—2(951 + tuy, T2, va, ),

AA”‘f for i € {1,2} the partial difference quotient maps of f. Dividing
by ¢t € K* and letting ¢ — 0, we get the usual rule on partial derivatives:

where we denote by

df(l‘l, l‘g)(’l)h ’02) = dlf(xl, .TQ)’U1 + d2f($1, 332)’02 y

where d; f(z1, 2, v;) := AA"f(xl,xg,vi,O) for i € {1, 2}.

For the converse we need the Locality Axiom and stronger assumptions on K:

Lemma 3.9 Assume K is a field and f: U — F is a C°-map, where U is open in Ey X Es.
Let Uy := {(x1, o, v1,t) € U X By x K: (1 + tv1,22) € U} and Uy := {(x1, T2, v9,t) €
Ux EyxK: (21, x9+1tve) € U}. Suppose that there are C°-maps %if: Ui — F forie {1,2}
extending the partial difference quotient maps of f, viz.

[z +tvy, 20) — f(21,20) A f

" =X (x1,22,v1,t)  for all (x1,x9,v1,t) € Uy such that t # 0,
1

and similarly for AA—22f. Then f is a mapping of class C', and

A A A
—f((xlaxQ)a (U17U2)a t) = —lf(xl,x2avlat) + —2f(m1 + tUlax%UQat) (9)
A Ay AV

for all (z1, 2, v1,v2,t) € P = {(z1,20,v1,v9,t) € UMz +tvy € U}.
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Proof. Define g(x1, z2,v1, 2, t) by the right hand side of (9) for (x1, 22, v1, v2,t) € P. Then
P is an open neighbourhood of U x E; x Ey x {0} in UM, and for all (z1, x2, v1,vs,t) € P
such that ¢ # 0, we have

fzy + tvy, xo + tvg) — f(x1,22) = flx1 + tvy, o + tvg) — fx1 + tvyg, 22)
+ [z + tvg, x2) — f(21, 22)

= tg(z1,22,v1,02,1)

(cf. 3.8). Lemma 2.6 shows that f is C', with fl|p = g. O

4 Higher differentials: from C! to C? and C*®

Definition 4.1 Let f: E D U — F be of class C'. We say that f is C?(U, F) or of class
C? if fllis C', in which case we define fI? := (fI)l: U2l - F where U := (UM)N,
Inductively, we say that f is C*T1(U, F) or of class C*t1 if f is of class C* and fI*: UKl — F
is of class C', in which case we define fIF+1 .= (fIEN: lk+l] 5 F with U+ .= (Uk)QL
We also use the notation i—kkf := flFl. The map f is called smooth or of class C* if it is of
class C* for each k € Ny.

Remark 4.2 Note that Ukt = (UL for each k& € Ny, and that f is of class C*¥*! if
and only if f is of class C* and f[! is of class C*; in this case, f¥+1 = (fIU)kl These
claims are proved by a trivial induction. Similarly, if f is C*¥, then fUl is C*~J for each
j € N such that j < k.

Example 4.3 Every linear C%-map ) is smooth, by a trivial induction based on the fact
that Al is linear and C° by Eqn. (3).

We shall show presently that compositions of composable C*-maps are C*. The following
auxiliary result will be used:

Lemma 4.4 Letk € N, fi: E; D U; — F; be a C*-map for i € {1,2}, U C E an open
subset, and A = (A1, \2): E — E; x Ey a linear C°-map such that \(U) C U; x Uy. Then

g:=(fixfa)oAy: U= F xF
is of class C*. In particular, fi x fy is C* if so are fi and fo.

Proof. The case k = 1 is immediate from 3.7, Example 4.3 and Prop. 3.1, which also show
that g(a,y, 1) = (T (@), (), 0), 5 Qa(@), Na(y), 1)) for all (z,9,¢) € UL By the
preceding formula, ¢!l is the composition of the C*~Lmap fi' x I and the restriction to
UM of the linear C°-map EY — EM x EIY, (z,y,t) = (Ai(2), \1(y), t, Aa(2), A2(y), t) and
hence of class C¥~! by induction. Consequently, g is of class C*. Choosing \ := idg, xg,,
the final assertion follows. O
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Proposition 4.5 If g and f are C* and composable, then go f is C*.

Proof. We may assume that k£ € Ny; the proof is by induction on k. The case k£ = 0 is
covered by Axiom I, and the case k = 1 has been treated in Prop. 3.1. Thus, let £ > 2 now,
and suppose that g and f (with all the notation as in Prop.3.1) are C* and composable.
According to Eqn. (5), (g o f)!!! can be written as a composition of gl!!, fl! and diagonal
maps 0:

(go M =gMo (f x M xidg) o (0p x idg X k)

(where the second and last mapping have to be restricted and co-restricted properly, of
course). Since g X idg X 0k is a linear C°-map (cf. Remark 1.2) and f, fI!! and idg are of
class C*~!, Lemma 4.4 shows that (f x fl!l x idg) o (g x idg X k) is of class C*~'. Since
(g o f)Mis a composition of the C*~'-map ¢!l and the mapping just recognized as C*~,
the induction hypothesis shows that (g o f)[!l is C*¥~'. Thus g o f is of class C*. O

The arguments from the preceding proof also show that the iterated tangent maps Tk f=
T---T f are C°. Moreover, one can prove that fl¥ is obtained by composmg TF with a
prOJectlon on some factor, and this yields further information on the maps f*! (see [10]).
— Our next aim is to define the k-th order differential d*f(z) of f at . If f : U — F'is
C?, then the maps df : U x E — F and 0,f = df(-)v: U — F, being partial maps of f!
are C'. In particular, for v,w € F fixed,

O0y(Opf): U —F

is defined and is of class C°.

Lemma 4.6 (“Schwarz’ Lemma”) If f is C?, then, for allv,w € E,
00y f = 04,0, f.

Proof. Recall the notation A, ;f(x) (Notation 2.4). For s,t € K*,

A fI(.
vs( wtf)() = W(xvvas)
Mz + sv,w,t) — fM(z,w, )
S
f(xz+sv+tw) — f(x + sv) — f(z +tw) + f(z)
st )

It follows that for all t = s € K*,

A'u,t (Aw,tf) (.’E) = Aw,t (Afu,tf) (37)

Since both sides are, for fixed z, v, w, C%-maps of t, it follows that also for ¢ = 0 we have
equality, whence 0,0, f () = 0,0, f (). O

Note that if f is C™ (n > 1), then 8,f = fl(s,v,0) is C"~1. This facilitates:
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Definition 4.7 If f is C?, we let
(d*f(2)) (v, w) = d(df)(z,w) - (v,0) = 3,0 f (),
and if f is C", n > k,
(d* f (@) (01, . ,v8) =By ... O f(2)
and

(d*f(2))v = (d* f(2)) (v, ... ,v).
Lemma 4.8 (d*f)(z): E¥ — F is a symmetric multilinear C°-map.

Proof. By Lemma 4.6, d?f(x) is symmetric, and inductively it follows that also d* f(x)
is symmetric. Since 9, is linear in h, it follows that d* f(z) is linear in the first argument,
and the symmetry implies that it is linear in all arguments. It remains to show that d* f(z)
is C°. In order to prove this, it suffices to show that d*f(z) is a partial map of fl. In
fact, this is a straightforward consequence of the definitions. For later use, let us make this
more explicit: for £k = 2 and s,t € K*, we have

Moo (Buef) ) = Tt fats) = fletin) + /()

- é(f[l](x + sv,w,t) — fl(z,w,1))

= f@((z,w,1),(v,0,0),s).

For s =t = 0, this gives
d’ f(x)(v,w) = 8,0,f (z) = fP((z,0,0), (v,0,0),0),

proving our claim for £ = 2. By induction, we get for k£ € N:

(Dgrir - Doyt ) (@) = Hl.t. (f (m—i—thi) Zf (HZM) +

GiF]

Z f (m + Z tivz) — 4 (1) Zf(a: + tv;) + (—1)’“]"(33)) )

g lj<l i g1

In particular, if all v; and ¢; coincide, we get

(A" iz (5) o -

and for ¢ = 0 we may write:

5 f(z) = lim flz+ktv) —kf(z + (k—Dtw) + ... + (=) f(x)
v t—0 tk .
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All these expressions are partial maps of f*! and hence are C°. O
It is also possible to express d?f via the map
d(df): (Ux E)x (E x E) — F.

In fact, df = f0(-,-,0), and hence

ddf (z,w) - (v,h) =
and thus
00y f (x) = ddf (z,w) - (v,0).
Finally we discuss locality of the property of being C*.

Lemma 4.9 Assume K is a field and f: U — F a mapping, defined on an open subset U
of E. Let k € Ny U{oo}. If there is an open cover (U;)icr of U such that fly,: Uy — F is
C* for each i € I, then f is of class C*.

Proof. It suffices to prove the assertion for £ € Ny; the proof is by induction. The case
k = 0 is incorporated in our setting of differential calculus (Locality Axiom I.5).

Induction step. Suppose the assertion holds for some k£ € Ny, and suppose that f|y, is
of class C¥*! for all 4 € I, for some open cover (U;);c; of U. Then f is of class C¥, by
induction. We now define a mapping ¢ : Ul — F, which will turn out to be f[I. Let
(z,y,t) € UM, If t # 0, we define

9(z,y,1) = ;(f(z + ty) — f(2)). (10)

If t=0and x € U;, we define
9(2,y,0) = d(flv,)(z,y) - (11)

If € U;NUj here for certain 4, j € L, then (f|v,)M|w,nv,ym = (Floinw,)™ = (Flu) ™M winu,m
apparently, entailing that d(f|v;)(z,y) = d(f|v.nv;)(z,y) = d(f|v;)(x,y). Consequently, g
is well-defined. We have g[, 1 = (flu,)!Y, showing that g is of class C* on the open set Ui[l],
for each 7 € I. On the other hand, the map f being of class C* by induction, it is clear
from Equation (10) that g is of class C* on the open subset W := {(z,y,t) € Ull: t € K*}

of U, As the sets Ui[l], together with W, form an open cover of U, by induction the
mapping g is of class C* and thus C° in particular. Thus f is of class C', with fI = ¢ of
class C*. As a consequence, f is of class C**1. O
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5 Taylor’s Formula

Assume f: E D U — F is a map of class C*. A first order Taylor expansion of the form
f(z +th) = f(z) + tdf (£)h + tO(t) has already been given in Remark 2.5. Let us iterate
the calculation given there: we fix x € U and h € E; then, for all ¢ such that x + th € U,

flx+th) = f(z)+tfM(z, ht)

= f(z)+tdf(x )h—i—t(f[l (z, h,t) — fl(z, h,0))
f(@) + tdf (z)h + 2 fA((z, h 0),(0 0,1),1)
f(x) + tdf (z )h+t2 I((x, h,0), (0,0,1),0)
+t* (f3((z, h,0), (0,0,1),2) — f&((z, h,0),(0,0,1),0)).

The last term is a product of #? and a C%-map taking the value 0 at ¢ = 0; following our
convention from Remark 2.5, we say that it is t?O(t). It is clear that this procedure can
be iterated k times, and we get the following k-th order expansion of f (compare with the
“développement limité” in Chapter 7 of [21]):

Theorem 5.1 If f: U — F is of class C*, then

k
f(x+th) = thaj(ac, h) +t*Ry(x, h,t)  for all (x,h,t) € UM,

=0

where a;: U x E — F are suitable maps of class C*~7 and Ry, Ul — F is a map of class
C° which takes the value 0 for t = 0. An expansion of f with these properties is unique.
Moreover, a;(z, h) is homogeneous of degree j in h. If f is of class C" actually with r > k,
then aj is of class C™7 and Ry, is of class C"*.

Proof. Existence of the expansion has already been proved in the case £ = 2, and iterating
the argument in the obvious way, we get an expansion of the desired form for arbitrary £.
The uniqueness assertion is covered by the following lemma. The expansion being unique,
we readily deduce that a;(z,th) = t/a;(z, h) for all t € K. If f is C, then a; is C" 7 being
a partial map of fUl (see Remark 4.2), and Ry is C"~* being a difference of two partial
maps of f¥. O

Lemma 5.2 Suppose that I C K is an open zero-neighbourhood, k € Ny, and f: I — F a
mapping of the form

k
= thaj +t*R(t) for tel, (12)

where ag, ... ,a; € F and where R: I — F is C° with R(0) = 0. Then the elements
ag, a1, ... ,a; are uniquely determined by f. If f is homogeneous of degree p < k in the
sense that f(st) = sPf(t) for allt € I and s € K such that st € I, then R =0 and a; =0

for all 5 # p.
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Proof. Suppose that also f(t) = Y_5_t/a}+t*R'(t); then Y_%_ t(a;—a})+t*(R(t)—R'(t))
is an expansion for the function I — F', t — 0. To prove uniqueness of the expansion, it
therefore suffices to assume that f = 0 and show that this entails that a; = 0 for all j =
0,1,...,k, whenever we have an expansion (12). Taking ¢ = 0, we obtain 0 = f(0) = ay.
Given t € I N K*, dividing both sides of (12) by ¢ we obtain

k—1

0= taz+ 7 R(),

J=0

which then actually holds for all ¢ € I, by the Determination Axiom. By induction, the
preceding equation entails that ay,... ,a; = 0.

To prove the final assertion, assume that f is homogeneous of degree p and admits the
expansion (12). Given ¢ € I, there is an open 0-neighbourhood J C I such that J -t C I.
Then

k k
Z sita; + s*tF R(st) = f(st) = P f(s) = Z sitPa; + s*tPR(s)
j=0 j=0
for all s € J, whence t/a; = tPa; for all j = 0,... , k, by uniqueness of the expansion of the

function J — F, s+ f(st). Thus, for fixed j € {0,...,k}, we have g(t) := t/a; = tPa; for
all t € I. If j # p, then the uniqueness of the expansion for g entails that a; = 0. Thus

f(t) =tPa, +t*R(t) . (13)
Given t € INKX, set J := %I ; then J is an open zero-neighbourhood in K. We have
sPf(t) = f(st) = sPtPa, + s¥t*R(st) for all s € J and hence
f(t) = tPa, + s*PtE R(st)

for all s € JNK*. By the Determination Axiom, both sides actually coincide for all
s € J. Comparing this with (13), we find that s* Pt*R(st) = t*R(t) for all s € J. Setting
s = 0, we obtain 0 = 0¥ Pt*R(0) = t*R(t), whence R(t) = 0. The map R being C°, the
Determination Axiom shows that R(t) = 0 for all ¢t € I, whence f(t) = tPa,. O

Our next task is to identify and describe the coefficients a;(z, k). For j = 0,1, 2, we have
the following:

Proposition 5.3 In the situation of Theorem 5.1, ag(z,s) is constant, a;(x,h) is linear
in h, and as(x,h) is an F-valued quadratic form in h. More precisely,

ao(xa h) = f(l‘),
ar(z, h) = df(x)h,
GQ(CC, h,l + h2) — CLQ(CC, h,l) — GQ(.T, h2) = d2f($)(h1, hg),

and, in particular, 2ay(x,h) = d%f(z)(h,h).
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Proof. The determination of ag is clear and the determination of a; is given by the
calculation preceding Theorem 5.1. Recall from [18] that an F-valued quadratic form is a
map ¢: E — F which is homogeneous of degree two and such that g(h;+ ho) —g(h1) —q(h2)
is K-bilinear in hq, hy. Since we already know that ay(x,-) is homogeneous of degree two,
it suffices to prove the third equality stated in the proposition since the right hand side is
bilinear in Ay, hy by Lemma 4.8. We use the expansion from Theorem 5.1 and write O(t)
for terms which are C° and take the value 0 for ¢ = 0:

f(x+t(h1 + ho)) — f(z+th)) — f(z +thy) + f(x)
=t (df(l‘)(hl + hz) - df(él)‘)hl - df(%)hg) + tz(ag(ﬂf, ]’Ll + hg) — ag(x, hl) - az(l‘, hg))
+ #0(t)
= t*(ay(z, hy + hy) — ag(x, h1) — ag(x, hy)) + 2O(1).

Thus, for t € K*,

fl@+t(hi+ ho)) — flx+thy) — f(z + the) + f(x)
t2
= ag(x,hy + he) — az(x, hy) — az(x, he) + O(2).

For t = 0, the C%-extension of the left hand side equals d?f(x)(hy, hy) (cf. proof of La. 4.6),
and this implies our claim for as. As we already know that as(x,h) is homogeneous
quadratic in h, we get for hy = hy = h the relation 2ay(z, h) = d?f(x)(h, h). O

The preceding arguments can be generalized to arbitrary degree. The definition and some
elementary facts on F'-valued forms of degree j are given in an appendix (Appendix A).

Theorem 5.4 In the situation of Theorem 5.1, the maps aj(x,h) are F-valued forms in
h of degree j. The linearization of a;(x,-) of order j satisfies the relation

(Ljaj(:c, ))(0, h1, PN ,h]‘) = djf(:c)(hl, PN ,hj),
and in particular
jlaj(z,h) = & f(z)(h,... ,h).

Therefore, if 2,3,... .,k are invertible in K, we have the Taylor expansion
flz+th) = Z de ,h) + t* Ry (z, h, t).

Proof. The claim is proved by induction on j, the cases 7 = 0, 1,2 being already proved.
After performing a translation, we may assume that z = 0. We let b;(h) := a;(0, k) and
re-write the expansion from Theorem 5.1 as

k k
F(th) = " t'bi(h) + t* Rg(0, by t) = > bi(th) + t* R (0, , t).
=0

1=0
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We apply the linearization operator L; with respect to the variable h to this equation:

k
Lif(0;thy, ... thy) = Libi(Osthy,. .. ,thy) + t*O(t).

1=0

For ¢+ < j, by induction hypothesis b; is a form of degree 7 and hence L;b; vanishes, by
Proposition A.3. The remaining terms give

Lif(0;thy, ... ,thj) = Ljb;j(0;thy,... ,thy) + ' O(t) = /(L;b;(0; hy,... ,hj) + O(t)).

We divide by #/ and let ¢ = 0. On the left hand side we find precisely the expression
for &/ f(0)(ha, ... ,h;) (cf. proof of Lemma 4.8). From Lemma 4.8, we know that this is
K-linear in all arguments, hence so is the right hand side, and finally

djf(())(hl, ce ,hj) == ijj(O; hl, ce ,hj).

According to Proposition A.3, b;(h) is therefore a form in h of degree j, and using
Lemma A.4 we see that d’f(0)(h,... ,h) = jlb;j(h). If the integers 2,3,...,k are in-
vertible, Taylor’s formula in its usual form is now an immediate consequence. O

Note that as a corollary we get a collection of non-trivial identities for the higher-order
difference quotient maps f*. Namely, on the one hand we have

(de(.’L‘))(U, ’U)) = f[Q]((xa w, 0)’ (U1 0, 0)’ 0)

(see proof of Lemma 4.8). On the other hand, the calculation preceding Theorem 5.1 shows
that

as(z, h) = f¥((z, h,0),(0,0,1),0),
and thus Proposition 5.3 implies the non-trivial identity
fB((x,h,0), (h,0,0),0) = 2fZ((z, h,0), (0,0,1),0).

In a similar way, Theorem 5.4 implies identities for the higher f*’s which, however, are
too complicated to be written out here.

In case of characteristic zero, Theorem 5.4 implies in particular that a;(x, k) is a polynomial
in h which can be defined by a symmetric multilinear form (namely %dj f(x)). We are going
to prove now that, even in the case of positive characteristic, a;(z, -) still is a polynomial
map (as defined in A.5); however, in the general case there seems to be no canonical way
to write it as a polynomial.

Lemma 5.5 Assume q: E — F is homogeneous of degree k, i.e. q(tx) = tbq(z) for all
teK, z € E. If q is C*, then q is a homogeneous polynomial map of degree k.
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Proof. Let (e;);c; be a system of generators of F, E the free module with basis (e;)ic; and
¢ : E — F the surjection defined by é(e;) = ¢;. We writex € E asz = Y, t;e; (finite sum).
Then it is proved by induction on the number of non-zero terms in this expression that
(using the multi-index notation from A.5) ¢(¢(3_; tie;)) = 34—y t*aa With coefficients aq
depending on the system of generators, but not on x. For simplicity of notation, let us
assume that x = t1e; +1se9, the general case being similar. Then we get, using Theorem 5.1
repeatedly, first to expand ¢ around tse, then to expand each a; around (0, e;):

k
q(teeg +tie1) = Ztéai(b@, e1) + t¥ Ry (taeq, €1, 1)

=0
k—i .
= ZtZ (Z a” tS_ZRk_i((O,eﬂ, (62,0), tz)) =+ t,ka(tQEQ,el,tl)
7=0

= Z Bthai+ >, i Re-i((0,1), (e2,0), ta) + tf Re(taez, e1,11),

i+i<k i+j=k

for suitable a;; € F. Now replace t;e;+t2e, with s(t;e1+12e5) where s € K. By assumption,
the left hand side is homogeneous of degree £ and hence will simply be multiplied by a factor
s*. On the right hand side we have a sum of homogeneous terms of degree ¢, £ =0, ... , k,
and the remainder term which is s*O(s). By Lemma 5.2, all terms on the right hand side
except for the term of degree k vanish. Thus s*q(tier + taea) = 8530, . £t a;;; letting
s =1, the claim follows. O

Theorem 5.6 Assume f: E DU — F is of class C* and xz,xz +h € U.

(a) The “regular part” Z; 0 @;(z, k) in the expansion

flx+h)= Zaj(:r,h) + Ri(z,h,1)

from Theorem 5.1 is a polynomial map in h of degree at most k.

(b) f is (the restriction to U of) a polynomial map of degree at most k if and only if
f coincides with the regular part of its Taylor expansion about one (and hence any)
point x € U.

(c) Assume U is a neighbourhood of 0 and f € C*(U, F) is homogeneous of degree p,
peN, p<k,ie f(th) =1t f(h) whenever h,th € U. Then f is (the restriction of)
a homogeneous polynomial of degree p.

Proof. (a) Using 5.5, we see that each term a;(z,-) (which is homogeneous of degree j
and of class C?*=7 and hence of class C7) is a polynomial map as defined in A.5, and hence
the regular part is polynomial.
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(b) If f is polynomial, then f(z + h) is again a polynomial p(h) in h, and f(z + h) =
p(h) + 0 is an expansion satisfying the properties of Theorem 5.1. By uniqueness of the
expansion, it follows that f is given by its Taylor expansion about z. Conversely, if a map
f is given by its regular part, then by (a) it is polynomial.

(c) By Lemma 5.2, we have f(h) = a,(0,h). Thus a,(0,-)|y is of class C*¥ and hence
so is a,(0, ), using that U is absorbing (Remark 1.4) and a,(0,z) = sa,(0,s™'z) for all
s € K* and = € sU, whence a,(0,-)|s is C¥. Now Lemma 5.5 shows that a,(0, k) is indeed
polynomial in h. O

6 Ck-curves

In this section, we provide a simpler, equivalent description of the C*-property for curves,
which mimics a definition used in Schikhof’s book [69] on ultrametric calculus, formulated
there for mappings between subsets of an ultrametric field (cf. also the precursors [5] and
[39]). The alternative description will be extremely useful later, when we need to construct
smooth curves with very special properties. When K is a ring, the alternative condition is
still necessary for being C*, but to prove equivalence we need to assume that K is a field.

A curve of class C* is amap f: U — F of class C*, where E € M and U C K is an open
subset. For curves, our formalism simplifies: the map fl!(z, h,t) may be replaced with
f0(x,1,t). More precisely, we have, after performing an affine change of coordinates:

Lemma 6.1 A curve f: U — E is of class C* if and only if there exists a map f<'>:
Ux U — E of class C° such that, for all s,t € U,

fls) = f&)=f<7(s,8)- (s = 1) (14)

Then df (t) = f<'>(t,t), and df : U — E is a curve of class C°.
Proof. Assume fis C'. Welet f<'>(s,t) := fl(¢,1,s—t); then f<!> : UxU — FE is well-
defined and C°, and (14) is nothing but the relation f(t+(s—t))—f(t) = (s—t) fl(¢, 1, s—1).
Conversely, given f<!> satisfying (14), we let F(z, h,t) := hF(x,1,th) := hf<'>(z+th, z);

this is C°, and (14) implies that f is of class C* with fll = F.
It follows that f<'>(¢,t) = flU(¢,1,0) = df(t)1, and, identifying df (t) € Homg (K, E)
with its value df (t)1 € E, df: U — FE is a curve of class C°. O

Next, we wish to generalize the characterization of Lemma 6.1 to curves f of class CF,
where k < co. Having defined f<!> as above, we define by induction maps

fIZ Ut S F

of class C*~7 by:

' AF<I>( gty ...t
fEO> (g, ti) = G 3’A4’ ’ Hl)(tlalat? —t)
- FZ (s, tin) = f7 (tas tss - - S ti41)
t— 1, ’
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where the second expression is valid only if t; — o € K*, whereas the first expression is
valid in general. By induction, one can prove the following explicit formula for f<¢> (cf.
(69, Exercise 29.A]): If t; — t; € K* for ¢ # j, then

k+1
<k> _ f(tj)

Then the following holds:
Proposition 6.2 If f: K D U — E is a curve of class C*, then there exists a map
f<k>: Uk+1 N

of class C° such that, on the open subset U”*< of UL defined by the condition Vi # j:
t; —t; € K*, we have

k+1

FE> (1, ) = ZH (15)

Z#J )
Moreover, for any map f<*> having these properties, the relation
df(t) =1 (L, 1) (16)

holds, and, if 0 € U, the expansion of f at the origin given by Theorem 5.1 can be written
Zt7f<9> ., 0) +t°R(0,1,1). (17)

Proof. Existence of f<*¥> is proved by the inductive definition given above. (We do not
claim that f<¥> is unique; this is so if K is a field since then U>*< is C°-dense in U**!,
as is easily seen.) In order to prove (17), we simply re-write the calculation given before
Theorem 5.1 by using the maps f</>:

f(®) F(0) +¢f1(0,1,8) = f(0) + t£<*>(t,0)
= f(0) +¢f<1(0,0) +¢(f <" (£,0) = £<'7(0,0))
= f(0) +tf<'>(0,0) + £*f<*>(¢,0,0)
= f(0) +tf<">(0,0) +#*£<*>(0,0,0) + t*(f<*>(¢,0,0) — £<*>(0,0,0))
= f(0) +tf<'>(0,0) +#*£<*>(0,0,0) + t* £<*>(¢,0,0,0)

and so on, leading to (17) with

Ri(0,1,t) = f<F>(¢,0,...,0) — f<¥>(0,0,...,0)
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which clearly is O(t). It follows that a;(0,1) = f<>(0,...,0) and, by translation,
aj(t,1) = f<9>(t,...,t). Comparing with Theorem 5.4, we get (16).> Finally, assume
f<¥> is another map having the properties of f<*¥> mentioned in the proposition. Fix
some vector v € U>¥<. Then tv € U>*< for all ¢t € K* sufficiently close to 0 (using that
ti—t; € K= entails tt; — tt; = t(t; — t;) € K¥). Let a(t) := f<*>(tv) — f<¥>(tv). Then o is
C" on some neighbourhood of the origin in K and vanishes for all invertible ¢ in this neigh-
bourhood since f<¥>|;>k< = f<*>|si<. By the Determination Axiom, o vanishes on the
neighbourhood, whence in particular «(0) = 0. Thus f</>(0,... ,0) is indeed independent,
of f<I>. a

In the remainder of this section, we assume that the topologized ring K is a field. Our
goal is to show that, in this case, also the converse of Proposition 6.2 holds: whenever
f<k> exists, f will be a C*-curve. Stimulated by W. H. Schikhof’s definition of C*-maps
between subsets of ultrametric fields [69], we make the following definition:

Definition 6.3 Let U be an open, non-empty subset of K, £ € M be a topologized
K-vector space, and f: U — F a map. For n € Ny, define

U>"< = {(x1,... ,Tny1) € U e if i # j then x; # ; },
set f79<:= f: U =U>%< — E, and recursively define f>"<: U>"< — K for n € N via

f>n71<(l.1’ T3y ;xn—l—l) - f>n*1<(x2’ X3, -- axn-l-l)

X1 — T2

7wy Tpy1) =

The function f is called a C%,-map if f>"< can be extended to a C%-map f<">: U"™' — E.
We call f a Cg,-map if it is a C§_,-map for each n € Ny.

It is easy to see that U>"< is C°-dense in U™*!, and apparently U>"< is open. Thus, if it
exists, f<"> is uniquely determined.

Remark 6.4 To see that U>"< is C-dense, note that t + rs € U>"< for all r € K* suffi-
ciently close to 0, for each given element ¢ = (¢1,... ,t,41) € U™ and s := (s1,... , Sns1)
with s1,...,s,11 € K pairwise distinct. Choosing s1, ..., sp11 € K* here, we can further-
more achieve that ¢t + rs ¢ F, for any given finite subset ' C U™"!; this observation will
be useful in the proof of Lemma 6.7.

Remark 6.5 Our notation differs from Schikhof’s, who writes V"*'U for U>"<, &, f for
f7"<, and @, f for f<">.

The following lemmas will be needed:

Lemma 6.6 Let U be an open non-empty subset of K and f: U — E be a mapping into
a K-vector space. Let n € N. Then the following holds:

2Cf. [69, Thm. 29.5] for a slightly more direct, but essentially not much different proof of (16).
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(a) f7"<:U>™< — E is a symmetric function of its n + 1 variables.

(b) For all (y1,... ,Yn,T1,... ,Tn) € U< C U™, we have

n
f>n_1<(yla"' ,yn) - f>n_1<(x17"' ,$n) = Z(yj_xj) ’ f>n<($17"' ,-’Ej,yj,--- ’y’ﬂ) .
7j=1

(18)

Proof. The proof of [69], Lemma 29.2 (ii) and (iii) can be repeated verbatim. O

Lemma 6.7 If f: U — E is a C%,,-map (where n € Ny), then [ is a CE_-map for all
k € Ny such that k <n. For all1 <k <n and (y1,..., Yk Z1,... ,2) € U* we have

k
f<k71>(yla CE ayk) - f<k71>(x1: s ,xk) = Z(y] - m]) ) f<k>($1: ey XYyt ,yk) .
j=1

(19)
Furthermore, f<¥>: U — E is a symmetric function of its k + 1 variables.

Proof. The proof is by induction on n € Ny; the case n = 0 is trivial. Suppose that
n € N and suppose that the assertions of the lemma hold when n is replaced with n — 1.
Let f: U — E be a C%,-map. Pick y = (y1,...,yn) € U™ <. Then D, := {z =
(z1,...,@y) € U™ I<: (Vi,j € {1,...,n}) z; # y,} is easily seen to be C°-dense in
U>"'< (cf. Remark 6.4). The map

wy: U — E7 wy(xla <. :xn) = f>n_1<(y) + Z(x] - y]) : f<n>(y17 s Y gy e an)
j=1

is C°, and vy|p, = f>"'<|p, by (18). If also z € U™ '< C U", then D, N D, is C’-dense
in U™. Thus 1/}y|Dysz = f>n71<‘Dysz = ’(/JZ‘DynDz entails that ’(/Jy = ’(/JZ Thus 1/} = ’(/Jy
is independent of the choice of y € U>"1<. Given z = (21,...,z,) € U<, there
exists y € D,. Then z € D, and thus f>""'<(z) = ¢, (z) = (). We have shown that
Y|psn-1< = f>17I<0 Since 1 is C°, we deduce that f is a Co,'-map, and f<"71> = ).
Thus, for k = n, both sides of (19) are C°-functions on U?" which coincide on the C°-
dense subset U>?"1< by (18), and which therefore coincide. Similarly, f<"> is a symmetric
function of its n + 1 variables since f<*> : U — FE is C° and its restriction f>"< to
the C%-dense subset U>"< of U™*! is symmetric. The assertions for k& < n follow from the
induction hypothesis, since we have already shown that f is a Cgc’hl-map. a

We readily deduce:

Lemma 6.8 Let f: U — E be a Cg_,-map, where n € Ny. Then, for each k € Ny such
that k < n, the mapping f<¥>: U**' = E is of class C" 7.
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Proof. We show by induction on j = 0, ... ,n the following claim (thus establishing the
lemma):

Claim. For each k € Ny such that k <n — j, the map f<*> is of class C%.

The case j = 0 is trivial, since all of the mappings f<¥>: U — F are C° (being C°-
extensions of the maps f>*< by definition).

Induction step. Suppose that the claim holds for some j € Ny such that j < n, and suppose
that k <n—(j+1)=n—j—1 Let 2 = (x1,--- ,Tp31)s ¥y = (Y1,--- , Yes1) € K and
t € K such that (z,y,t) € (UYL Tf ¢ # 0, then

k+1
%(f<k>(x + ty) - f<k>('r)) = Zyl ) f<k+1>(x1, s 5 Ty Ty tyza <o s T4 + tyk—H) (20)
=1

by Equation (19). Note that p; : (KF+1)ll = K2+ 5 K pi(2,y,t) := v, is a linear
C°-map and thus of class C*°; furthermore,

g (KO 5 K2 g, y,t) == (1,0, T, T+ Wiy -+ Tt + tpg)

is a polynomial function for i = 0, ... , k+1, which apparently satisfies ¢; (U*t1)[1) C U*+2
and which is of class C®. Define g: (U] - E via g := Zfiol pi - (f<¥+1> 0 ¢;). Since
k+1 < n — j, the mapping f<¢¥*1> is of class C7, by induction. The functions p; and g;
being smooth, we deduce from the Chain Rule and the Product Rule that ¢ is a mapping
of class C? and thus continuous in particular. Now (20) shows that f<*¥> is of class C",
with (f<¥>) = g of class C7, and thus f<¥> is of class C/*1. O

Summing up:

Proposition 6.9 Let E € M be a topologized K-vector space, U C K be an open, non-
empty subset, and f: U — E be a map. Let r € Ny U{oo}. Then f is a C§,,-map if and
only if f 1s of class C".

Proof. We may assume that r € Ny. If f is a C%_,-map, then f = f<°> is of class C" by
Lemma 6.8. If, conversely, f is of class C", then f is a C§,,-map by Proposition 6.2. O

7 Main examples of C°%concepts and associated
differential calculi

In this section, we describe the main examples of C%-concepts, and relate the resulting
notions of C*-maps to the literature. In our general definition of C%-concepts, we considered
rings and modules equipped with certain topologies, but did not presume that they are
topological rings (resp., topological modules), to obtain a general framework which is as
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flexible as possible. Now, we turn to the special case where K and all modules are indeed
topological. Of particular interest are the cases where K is the field of real or complex
numbers or an ultrametric field.

Here, we are using the following terminology: A topological ring is a commutative ring K
with unit 1, equipped with a topology making the ring operations continuous; we require
also that K* be open in K, and that inversion ¢: K* — K be continuous. If, furthermore,
K is a field, it is called a topological field. A topological K-module is a module F over a
topological ring K, equipped with a topology making the structure maps £ x £ — E and
K x E — FE continuous. All topological rings, fields and modules considered in this section
are assumed Hausdorff. It is clear that the class M of (Hausdorff) topological K-modules
satisfies Axioms I and II of a C%-concept (taking the product topology on product spaces,
and calling continuous mappings C°). Since a continuous mapping from a topological space
to a Hausdorff topological space is uniquely determined by its restriction to a dense subset,
we readily obtain:

Lemma 7.1 Let K be a topological ring such that K* C K is dense. Then Axiom III of
a C°-concept is satisfied for all F € M. In particular, this holds if K is a non-discrete
topological field. a

At the end of this section, we discuss two C%-concepts involving non-topological modules.
The first of these is a C%-concept based on rational maps. The second gives rise to the
smooth maps of convenient differential calculus.

Calculus on real or complex topological vector spaces

In this subsection, we have a closer look at the case where K is the topological field of
real or complex numbers. The C%-concept based on the class M of Hausdorff real (resp.,
complex) topological vector spaces (as just described) gives rise to a notion of C*-maps
(Definition 4.1). We show that a mapping to a locally conver topological vector space is a
C*-map in this sense if and only if it is a C*-map in the classical sense of Michal-Bastiani.
We also clarify the relation between C*-maps in the complex case and complex analytic
mappings.

Throughout this subsection, K € {R, C}.

Definition 7.2 Let E be a topological K-vector space, F' a locally convex topological
K-vector space, and k € Ny U {oo}. A map

ftEDOU—-F

on an open subset U C E is called a C¥,z-map (where MB stands for Michal-Bastiani) if
it is continuous, the (real, resp., complex) derivatives

& f(z,vy,... ,Vj) = Oy, - - Oy, f ()

exist for all j € N such that j < k,z € U, vy,... ,v; € E, and the maps & f: U x B — F
so defined are continuous.
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Remark 7.3 In the literature, C*-maps in the Michal-Bastiani sense (also known as
Keller's C*-maps [42]) are usually defined only if K = R and if the domain E is also
locally convex. However, all of the basic theory (as described on a few pages in [26],
Section 1) is easily seen to work just as well for non-locally convex E, and also over the
complex field (by trivial adaptations of the proofs); all which matters is the local convexity
of the range F'. We can therefore use results from [26] in the following also if K = C, or if
FE is not locally convex.

In particular, the Mean Value Theorem holds for C},,-maps; & f(z,.) : E? — F is a
symmetric j-linear map; compositions of composable C¥,,-maps are C%;; and further-
more a map f: E D U — F is of class Ck/5 if and only if it is of class Ci,;5 and
df: Ex EDU x E — F is of class C¥, .

Our goal is to show that the concepts of C*-maps and C%;;-maps are equivalent:

Proposition 7.4 Let E be a topological K-vector space, F' a locally convex topological K-
vector space, k € Ny U {00}, and f: U — F be a map, where U is an open subset of E.
Then f is of class C* if and only if f is a C¥,5-map.

The proof depends on two technical lemmas, dealing with the differentiability of parameter-
dependent integrals:

Lemma 7.5 Let E be a topological K-vector space, F' a locally conver topological K-vector
space, U C E a non-empty open subset, I C R an open interval such that [0,1] C I, and
h:U x I — F be a mapping of class C%, 5, where k € Ny. Suppose that the weak integral

g(x) := /01 h(x,t) dt

exists in F' for all x € U, and suppose that the weak integrals

1 .
/ dih(z,t,y1,. .. ,y;)dt
0

exist for all j = 1,...,k and x € U, y,...,y; € E, where d{h(fc,t,yl,... L Yj) =
d’h((z,t), (y1,0),... ,(Y5,0)). Then g: U — F is a mapping of class Ck.p, and

1
dg(x, vy, Y;) =/ & h(z,t,yi,. .., y;)dt
0

forallj=1,...  kandz €U, yi,...,y; € E.

Proof. The simple proof, based on induction on 7 and standard estimates, is left to the
reader. Full details can also be found in [34]. O

Conversely, we have:
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Lemma 7.6 Let E be a topological K-vector space, F' a locally convex topological K-vector
space, U C E a non-empty open subset, I C R an open interval such that [0,1] C I, and
h:U x I — F be a mapping of class C},; . Suppose that the weak integral

g(x) :=/0 h(z,t)dt

exists in F for all x € U, and defines a map g: U — F which is of class Ci;z. Then the
weak integral fol dih(z,t,y) dt ezists for all x € U and y € E, and it is given by

1
j/ dih(z,t,y) dt = dg(z,y).
0

Proof. We consider g and h as mappings into the completion F of F. The weak integral
in question exists in F. By the preceding lemma, it coincides with dg(z,y) and therefore
is an element of F'. O

Proof of Proposition 7.4. We may assume that k& € Ny. Clearly, C* implies C%,5 (using
that d’ f is continuous as a partial map of fUl, for each j < k). The converse direction is
proved by induction on k. Assume that f is Ci,p first. Then

fatty)—f(z)
[et)=[@) i | R¥

gl 5

is continuous. In fact, since f is Ci,p, so is the restriction g|yu of g to the open subset
Ul := {(z,y,t) € UM t # 0} of UM, and hence continuous. On the other hand, by the
Fundamental Theorem of Calculus (cf. [26, Thm. 1.5]), we have

1
fa+ty) — fla) = /0 df (a + sty, ty) ds,

for all (,y,t) in the open neighbourhood W := {(z,y,t) € UM : x + [-1,2]ty C U} of
U x E x {0} in UMM, Thus

g9(z,y,t) = /0 df (z + sty,y) ds = /0 h((z,y,t), s)ds (21)

for all (z,y,t) € W, where the integral depends continuously on (z,y,t) by Lemma 7.5,
applied with the C%-map h: Wx |- 1,2[— F, h((x,y,t), s) := df (z + sty,y). Thus g is
continuous on UM = UM U W, and hence f is C* with fI = g.

Induction step: Suppose that f is a C¥,;-map now, where & > 2. We define g and h as
above and note that g|yu is a C%, 53-map and hence of class C¥~1, by induction; furthermore,
his a Cki-map.
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If F is sequentially complete, then the existence of weak integrals is automatic, whence,
in view of Eqn. (21), g|lw isa C}ijl—map by Lemma 7.5 and hence of class C*~!, by induction.
Now, f being C' with g = fl!! of class C*~!, the map f is of class C*, and we are home.

If F fails to be sequentially complete, in order to be able to apply Lemma 7.5, it remains

to show that the weak integrals

1
/ dih((z,y,t), s;wi, ... ,wj)ds (22)
0

exist forall j = 1,...,k— 1, (z,y,t) € UM, wy,... ,w; € EM. Now, the map g|yu being
of class C% 5, we inductively deduce from Lemma 7.6 that the weak integrals (22) exist,
provided (z,y,t) € U, Tt remains to prove the existence when z € U, y € E, t = 0. To
enable this, we need to understand what the mappings d’h look like.

If j =1, (z,y,t) € W, wy = (y1,92,t1) € EMY, and s € [0, 1], using the linearity of
df (x + sty,+) we obtain

dih((z,y,1), 5, (y1,y2.t1)) = d*f(x + sty,y,y1) + std’ f(z + sty, y, )
+st1d*f(z + sty,y,y) + df (z + sty, ys) .

Similarly, using the multilinearity of the higher differentials, a simple inductive argument
shows that djh((z,y,t),s,wi,...,w;) (where (z,y,t) € W and w; = (yai—1, Y2i, t:) € EU

fori=1,...,7) is a sum of terms of the form

s 05t - - -t;jdif(a: + StY, Yo,y - - 5 Ye;) (23)
where i € {1,...,j}, 1,0s,...4; € {0,1,...,25}, yo := y (for convenience of notation),
and a,b,c1,...,¢; € {0,1,...,5}. If now ¢t = 0 in particular (this is the case we are
interested in), fixing all variables except for s, note that each term (23) is a polynomial
(actually, a monomial) in s with coefficients in F'. Hence di{h((z,y,0),s,wy,... ,w;), as a

J

function of s, is a polynomial with coefficients in F', say equal to ) 7 _,s"z, for certain

zn € F. Applying linear functionals, we now readily see that

J 1 J 1
Z(/o sds)znzzn—ﬂanF

n=0 n=1
satisfies the defining property of the weak integral fol B ((z,y,0), s, wi, ... ,w;)ds, which
consequently exists. We can now complete the proof as in the sequentially complete case.O

In order to distinguish the notions of C*-maps over the real numbers and those over the
complex numbers, let us write CX and CE for the moment. Then we have:

Proposition 7.7 Let E and F be complex topological vector spaces, where F' is locally
convex, U C E be an open subset, and f: U — F be a mapping. Then the following
conditions are equivalent:
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(a) f is complex analytic in the sense of [13, Defn.5.6], i.e., f is continuous and, for
every x € U, there exists a zero-neighbourhood V- C E such that x +V C U and
certain continuous homogeneous polynomaials 3, : E — F of degree n, such that f
admits the expansion: f(x+y) =D ooy Buly), forally e V.

(b) f is of class C.
(¢) f is of class CF, and df (x,+): E — F is complez linear for each x € U.
If F is Mackey complete, then (a)—(c) are also equivalent to any of the following:
(d) f is of class C¢.
(e) f is of class Cg, and df (z,.) is complez linear for each x € U.

Proof. (a)=(b): In view of the characterization of C2°-maps given in Proposition 7.4, we
can repeat the proof of [26, Prop. 2.4] verbatim to deduce that complex analytic maps are
of class C&°.

The implication (b)=-(c) is obvious, and (c¢)=-(a) is the content of [26, La.2.5] (which
remains valid for non-locally convex domains).

Now assume that F'is Mackey complete (see [45, La. 2.2 and Thm. 2.14]). Then clearly
(b) implies (d), and (d) implies (e). To see that (e) implies (a), we argue as in [28, 1.4]
(the local convexity of E assumed there is inessential for the arguments). a

For non-locally convex ranges, the situation is totally different. There are C{-maps from C
to metrizable, complete non-locally convex spaces which are not C%, and there are CZ-
maps which are not given locally by their Taylor series, around any point. Furthermore,
there are compactly supported, non-zero Cg°-maps from C to suitable non-locally convex
spaces (showing that the Identity Theorem for Analytic Functions becomes false), and
there are injective C°-maps on R whose derivative vanishes identically (see [31]).

Differential calculus over ultrametric fields

We now consider the C°-concept described at the beginning of Section 7, in the case where
K is a valued field, i.e., a field, equipped with an absolute value |.|: K — [0, co[ which we
assume non-trivial (meaning that it gives rise to a non-discrete topology on K). Already
having dealt with R and C, we focus on valued fields (K |.|) now whose absolute value |.|
satisfies the strong triangle inequality, viz. |z + y| < max{|z|, |y|} for all z,y € K; in this
case, (K |.|) is called an ultrametric field.

As a special case of our discussions in Section 6, we know that a function f: KD U — K,
where K is an ultrametric field, is C* in our sense if and only if it is C* in the usual
sense of ultrametric calculus, as considered in Schikhof [69]. In the following, we inspect
further important classes of mappings encountered in non-archimedian analysis (like strictly
differentiable maps, or analytic maps), and relate them to our concept of C*¥-maps.
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7.8 Recall that a topological vector space E over an ultrametric field K is called locally
conver if every zero-neighbourhood of E contains an open O-submodule of E, where O :=
{t € K: [t| < 1} is the valuation ring of K. Equivalently, E is locally convex if and
only if its vector topology is defined by a family of ultrametric continuous seminorms
v: E — [0,00] on E (cf. [56] for more information). Let K be a valued field. We call
a topological K-vector space polynormed if its vector topology is defined by a family of
continuous seminorms (which need not be ultrametric when K is an ultrametric field). This
terminology slightly deviates from the one in Bourbaki [19], where only polynormed spaces
over ultrametric fields are considered whose topology arises from a family of continuous
ultrametric seminorms, and which therefore are precisely the locally convex spaces over
such fields in our terminology. We shall not presume that norms, nor Banach spaces, be
ultrametric, unless saying so explicitly. For example, ¢!(Q,) is a non-ultrametric (and
non-locally convex) Banach space over Q,. We shall also write |.||, for a continuous
seminorm -y.

Definition 7.9 Let K be a valued field, F be a normed K-vector space, F' a polynormed
K-vector space, U C E be open, and f: U — F be a map. Given x € U, we say that f is
strictly differentiable at x if there exists a continuous linear map A € L(E, F) such that,
for every € > 0 and continuous seminorm ~y on F', there exists 0 > 0 such that

1f(z) = f(y) = A-(z = y)lly <ellz—yll

for all y, z € U such that ||z —z|| < 6 and ||y — || < 6. Here A is uniquely determined; we
write f'(z) := A. The map f is called strictly differentiable if it is strictly differentiable at
each z € U.

It can be shown that every strictly differentiable mapping f is of class C! [30, La.3.2].
This facilitates the following definition (cf. [30, Rem. 5.2]):

Definition 7.10 Let (K |.|) be a valued field, E be a normed K-vector space, F' be a
polynormed K-vector space, U C E an open subset, and k¥ € Ny U {co}. A mapping
f:U — Fis called k times strictly differentiable (or an SC*-map, for short) if it is of class
C* and fU!: UVl — F is strictly differentiable, for all j € Ny such that j < k.

The class of SC*-maps has many useful properties. For example, the Inverse Function
Theorem and Implicit Function Theorem hold for SC*-maps between open subsets of
Banach spaces over a complete valued field K ([30]; cf. [19, 1.5.1] when k = 1).

We remark that, in the case of ultrametric fields, an Inverse Function Theorem cannot
be based on the mere existence and continuity of differentials: the conclusion can fail
spectacularly (see [69, Example 26.6], which refutes earlier claims to the contrary in [68]).

By definition, every SC*-map is of class C*¥. Conversely, the following can be shown (see
[30], Remarks 5.3 and 5.4):
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Proposition 7.11 Let (K |.|) be a valued field, E be a normed K-vector space, F be a
polynormed K-vector space, U C E an open subset, and k € Ng U {oc}. Let f: U — F be
a map. Then the following holds:

(a) If f is of class C**L, then f is an SC*-map.

(b) If K is locally compact and E is finite-dimensional, then f is of class C* if and only
if fis an SC*-map. a

Remark 7.12 In the real case, it is known that a mapping is SC! if and only if it is
continuously Fréchet differentiable ([18, 2.3.3], cf. also [21, Thm. 3.8.1]), and it is known
that every k times continuously Fréchet differentiable mapping is SC* ([30], appendix).

In non-archimedian analysis, (locally) analytic functions are a well-established and widely
used concept (see [19], also [69], [70] for the finite-dimensional case). We recall from [19]
the definition of analytic functions, and some background material:

7.13 Let K be a complete ultrametric field, F' be a locally convex topological K-vector
space, n € N, 1, ..., FE, be ultrametric normed K-vector spaces, and F := E; X --- X E,,
equipped with the maximum norm. Given a multi-index o = (o) € Nj, we define

a(j):=sup{ieN: 1<i<nandj>a;+ - +a;_1}

for j € {1,...,|a|}, where |a| := a1 + -+ a,. Thus a(l),®(2),...,a(|«|) is the finite
sequence obtained by writing «; times 1, then oy times 2, etc.

7.14 We let E, = H‘]a:ll Eq(j), equipped with the supremum norm; L,(E\, ..., E,;; F)

denotes the space of continuous |a|-multilinear maps from E, to F. We define

Pai E = o, Pa(@) = (pagy) (@)
where p; : E — FE; is the canonical projection for ¢ = 1,... ,n. A mapping f: F — F
is called a continuous multi-homogeneous polynomial of multi-degree o if there exists u €
Lo(E1, ..., Ey; F)such that f =uop,; we let Py(Ey, ..., Ey; F) be the space of all such f.
If n =1 and thus E = E;, we write L;(E; F) instead of Ly (E; F) and Py(E; F) =
Py (E;F). Then 6y := pyy: E — Ey) = E* is the k-fold diagonal map. Following
Bourbaki, the elements of P(F; F') will be called continuous homogeneous polynomials of
degree k in the present section; however, elsewhere in this text we shall use the terminology
from Appendix A.3

3Note that, in Bourbaki’s terminology, a continuous homogeneous polynomial f of degree k is not
merely a homogeneous polynomial of degree k which is continuous, but it is assumed that we can find
a continuous k-multilinear map u: E¥ — F such that f = w o d. In positive characteristic, where no
polarization formula is available, this condition might very well be stronger than the mere continuity of f.
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7.15 Given u € Lo(E), ..., E,; F) and a continuous seminorm v on F, we define?
lully == inf{M > 0: (V(z1,...,2x) € Ea) Y(u(@1,...,2%) < M- ||lzq] - ... ||zell},
where k := |a|. Given f € P,(E;,...,E,; F), we define
| flly == inf{||ul|y: v € Lo(E, ..., Ey; F) such that uop, = f }.

7.16 The elements f of f’(El, oy By F) = HaeNg P,(E1,...,E,; F) are called formal
series, and are written in the form f = ZaeNg fa, with f, € Py(Ey, ..., E,; F). Given a
formal series f, we let I(f) C |0, 00[™ be the set of all R = (Ry,...,R,) € ]|0,00[™ such
that, for every continuous seminorm y on F', we have

| fall,R* — 0 as |af = oo,

where R® := RY" -...- R%. The set I(f) is called the indicatriz of strict convergence of f.
If n =1, we identify P(E; F') with [[,cy, Pr(E; F).

7.17 Given R € ]0,00[", let B(R) := {(y1,--- ,yn) € E: |lys]| < Rifori=1,... ,n} be
the closed polyball of multi-radius R around the origin; given r € ]0, oc[, define B(r) :=
{y € E:|ly]| < r}. Then B(R) and B(r) are open and closed O-submodules of E, where
O :={t € K: |t| <1} is the valuation ring of K.

7.18 A function f: U — F on an open subset U C F is called analytic if, for every z € U,
there exists a formal series f, = ZaeNg [z, € P(Ey,... ,En; F) and R € I(f;) such that

r+ B(R) CU and (fz,a(¥))aen: is a summable family in F' for all y € B(R), with limit

fe+y) = fraly)

aeNg

The summability is automatic if F' is sequentially complete. The formal series f, is uniquely
determined.

7.19 We recall that a formal series in ﬁ(El, ..., Ep; F) as before exists if and only if there
exists a formal series f, =Y ;o for € P(E; F) and r € I(f,) such that z+ B(r) C U and
(fz,6(Y))ken, is summable in F for all y € B(r), with limit

flx+y) = Zf

k=0
4Our terminology slightly differs from Bourbaki’s here, who uses on L (E1, ... , E,; F) the equivalent
seminorms defined via [[ull’, := sup{vy(u(z1,...,2k)) : T; € E,(j), [lz;]] < 1} (and the corresponding
seminorms ||.||, on Pa(FEr, ..., En; F)). It is easy to see that [[ul|’, < [jull, < a’“||u||£7, where a := inf{|t|:

t € K*,[t| > 1}. The use of ||.||', is problematic. For example, the inequality asserted in [19, A.4] is false
if we take F := F := G := Q, with ||.||z := ||.|r := ||, the usual absolute value on Qp, ||.|l¢ := p~2 - |.|,,
1

f:E— G,z ~zandg:G = F,zw 2. Then ||f|I' = p=2, llgll' = llgo fII'= 1> llgll" - [IfII' = p~7 (cf.
also [66, p. 59]).
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It is known that every analytic function between open subsets of a complete ultrametric
field K is of class C [69, Cor.29.11]. It is also known that every analytic mapping from
an open subset of a normed K-vector space to a locally convex topological K-vector space
is strictly differentiable with analytic derivatives ([19], 4.2.3 and 3.2.4). We show:

Proposition 7.20 Let K be a complete ultrametric field, E an ultrametric normed K-
vector space, F' a locally convex topological K-vector space, U C E be open, and f: U — F
a K-analytic mapping. Then f is of class C®, and fU! is K-analytic for each j € Ny.

Proof. Apparently, we only need to show that every K-analytic mapping is of class Cf,
and that flY is K-analytic: the assertion then follows by a trivial induction.

It is well-known (and easy to see) that the directional derivative df (z,y) exists for all
r€Uandy € F (cf. [19], 4.2.3 and 3.2.4). We can therefore define a mapping ¢g: Ul — F
(which will turn out to be f[!l) via

_J i(fla+ty) = fz) ift#0;
9(@,y, 1) := { df(g, y) if £ =0,

for all (x,y,t) € U, The map f and inversion K* — K, ¢ % being analytic, it readily
follows that g is analytic on the open set Ulll := {(z,y,t) € UM : ¢ # 0} (cf. [19], 4.2.3,
3.2.7 and 3.2.8). In order that g be analytic, it therefore only remains to show that g is
given by a convergent formal series around (zo, ¥o,0), for all zy € U and y, € E. After a
translation, we may assume without loss of generality that 0 € U and zy = 0. There is
r € 10, 1[ such that B(r) C U. After shrinking r, we may assume that

f(z) = fu(z) forall z€ B(r),

where f; € Py(E; F) for each k € Ny, and

tim 1fill, ™ =0, (24)
k—o0
for every continuous ultrametric seminorm v on F. We set Ry := r, Ry := ||yl + 1,

Ry := m, R := (Ry, Ry, R3). Then the polyball B(R) C E x E x K is contained in
B(r)M c UM and (0, y,,0) € B(R). Fix . For each k € Ny, we find uy, € L(E; F) such
that ||ug|l, < || felly +1 and uy 0 0 = fr. Write 21 := yo. Then

o0

9(20, 21 + 20,t) = $(f (20 + tz1 + t20) — f(20)) = Y 7 (fu(20 + tz1 + t22) — fu(20))
k=1

for all (2o, 22,t) € B(R) such that ¢ # 0, where
L(folzo + ter + tzo) — fu(20))
= 1 (uk(zo+tz1 +tz,... 20 + tz1 + t20) — ug(20, - - - , 20))

k a
= Zt#{j’iﬁﬁo}_luk(zm s %) = Z Zg(k—a,b,a—l)(an 22,)

i€l a=1 b=0
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using the set I}, := {i = (i1,...,4) € {0,1,2}*}\ {(0,0,...,0)} and the continuous multi-
homogeneous polynomial g(x—q 1) € Ple—apa—1)(E, £, K F) on the product £ x £ x K,
of multi-degree (k — a,b,a — 1), defined via

I(k—apa—1)(20, 22, 1) I=Z g2y, 5 20y (25)

for (20, 22,t) € Ex ExK, where the summation is over all ¢ € I; such that #{j:i; # 0} = a
and #{j:4; = 2} = b. It is apparent from (25) that ||gx—aa—1)llv < ||tll,, Whence

19¢-aba)lly < [ filly + 1 (26)

For multi-indices &« € N} which are not of the form (k—a,b,a—1) withk € N, 1 < a < k and
0 <b<a,wedefine g, := 0 € Py(FE, E,K; F). Note that, if g, # 0, then « = (k—a, b, a—1)
for uniquely determined £ € N, a € {1,... ,k} and b € {0,... ,a}. Then, in view of (24),

lgally R = RERERS ™ [lgall, = (ol gy, < B0l () i, +1) 74— 0 (27)

r

as |a| = k+b—1— oo, using that |a| =k +b—1< 2k — 1 and thus k > WTH — 00.

Note that g _apq—1) is independent of the choice of v and the u;’s: if 4" and maps
uj, € Ly(E;F) are given with uj, o 0y = fr and |[ui|ly < || fklly + 1, leading to multi-
homogeneous polynomials gzk_a,b,a_l), then

k

a
Z Zta_lsbg(k*a,b,afl)(zm 22, 1) = % (fk (ZO + tzl + tSZQ) - fk(ZO))

a=1 b=0
k a
- Z Z ta_lsbgzk—a,b,a—n (20, 22,1)

a=1 b=0

for all (2, 22,t) € B(R) and s € K with ¢ # 0 and |s| < 1, whence g(x—ap,a—1)(20,22,1) =
gzk—a,b,a—l) (20, 22, 1) clearly and thus gg—qp,a—1) = gzk_a,b,a_l), using the multi-homogeneity.
NOW g(k—ap,a—1) being independent of the choice of v and the u,’s, we see that (27) holds
for all continuous ultrametric seminorms « on F', whence R is contained in the indicatrix of
strict convergence of ) g,. This entails that the family (g,)q is uniformly summable on

B(R), to an analytic (and hence continuous) function §: B(R) — F into the completion F
of F' (cf. [19, 4.2.4]). For all (zg, 22,t) € B(R) such that ¢ # 0, we have

a

o k
9(20, 21 + 22, ) = ZZ Zg(k—a,b,a—l)(ZOaZZ: t) = Z 9a(20, 22, 1) = G(20, 22, 1)

k=1 a=1 b=0 aeNd

(the re-ordering is clearly permissible). Letting t — 0 for fixed 2y and 25, the left hand side
converges to df (zo, 21+22) = g(20, 21+22,0), the right hand side to g(zo, 22,0), by continuity
of g. Thus g((0, yo, 0) + (20, 22, 1)) = g(20, 21 + 22, ) = G(20, 22,1) = Y_,, 9a (%0, 22, 1) for all
(20, 22,t) € B(R) is the desired expansion of g around (0, g, 0). a
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CP-concepts based on rational maps

Assume K is an infinite field and consider the class M of finite-dimensional vector spaces
over K together with their Zariski topologies. Let C°-maps be “rational” maps, i.e., maps
of the form f(x) = % with a vector-valued polynomial p and a scalar-valued polynomial q.
Then Axioms I and II of a C%-concept are clearly satisfied, and also the Determination
Axiom holds since K is assumed to be infinite, so non-empty Zariski-open sets contain
infinitely many points and rational functions are uniquely determined by their values at
these points even if we remove one of them. By definition all polynomials are C°. By
the product rule, they are then C'*°, and the quotient and chain rule now imply that all
rational maps are C°. Therefore, in this case, the classes C°, C?, ... ,C™ all coincide, and
we see that the importance of our construction is not so much to produce new classes of
maps but to provide a calculus for a given class. Here we recover (for infinite fields) the

well-known differential calculus of rational maps (cf. e.g. [43] and the appendix to [50]).

Remark 7.21 If K is algebraically closed and of characteristic 0, then each algebraic K-
group is a “rational” Lie group. It would be interesting to know whether this remains true
for more general fields of characteristic 0.

CP-concepts related to convenient differential calculus

It is possible, in principle, to describe the convenient differential calculus of Frolicher, Kriegl
and Michor ([25], [45]) by means of a C°-concept, as follows. Define K = R, let M be the
class of all topologized real vector spaces (E, 7x) such that 7 is the ¢*-refinement of some
Mackey complete locally convex vector topology Ag on E| i.e., 7g is the final topology on E
with respect to the set of all smooth curves R — (E, A\g), where smoothness is understood
in the usual sense (cf. [45, Defn. 2.12]). Given (F,Tg), (F,7r) € M and open sets U € 7,
V € 1, let CO(U,V) := C(U,V) be the set of all continuous mappings U — V with
respect to the topologies induced by 7 and 77. We equip E x F' with the ¢*-refinement
of the product topology on (E, Ag) x (F, Ar); the resulting topology is independent of the
choices of A\ and Ap, as it is easily seen to be final with respect to the set of all curves
v = (71,7%2): R = E x F whose coordinate functions vy : R — (E, Ag), 72: R = (F, Ar)
are smooth; the smoothness property of the curves y; and v, however only depends on 75
and 7p. It is easy to check that all axioms of a C%-concept are satisfied. Furthermore, a
map between open subsets of spaces (E, 7g), (F,7r) in M is smooth in the sense provided
by this C%-concept if and only if it is a smooth map between the corresponding c¢*-open
subsets of (E, Ag) and (F, Ar), in the sense of convenient differential calculus.

A more interesting C°-concept is obtained by taking Lipschitz (£ip®) maps as the C%-maps
here. Then, as shown by S. Hiltunen [40], the resulting C*-maps are precisely the Lip*-
maps of convenient differential calculus (see [25], [45]), for each k € Ny.

In spite of this possible embedding of convenient differential calculus in our general frame-
work, which is of theoretical interest, the original formulation of convenient differential
calculus is of course preferable for practical purposes.

40



Part 1I: Manifolds and Lie Groups

8 Manifolds and bundles

Manifolds arising from a C°-concept. We fix a base ring K, a C%-concept over K,
and a K-module E € M, called the “model space”. A Ck-manifold with atlas (modelled
on E) (where k € Ny U {o0}) is a topological space M together with an E-atlas A =
{(#:,U;) : © € I}. This means that U;, i € I, is a covering of M by open sets, and
¢i: M D U; — ¢;(U;) C E is a chart, i.e. a homeomorphism of the open set U; C M onto
an open subset ¢;(U;) C E, and any two charts (¢;, U;), (¢;,U;) are C*-compatible in the
sense that

Gij == ¢; 0 ¢j_1|¢j(UmUj)3 ¢;(UinU;) = ¢:i(U; N U;)

and its inverse ¢;; are of class C*. We see no reason to assume that the topology of M is
separated (compare [46, p. 23] for this issue); if we want to work with separated manifolds,
then we also have to assume that all K-modules belonging to our C°-concept are separated
(an assumption which we have not needed so far!).

If the atlas A is mazimal in the sense that it contains all compatible charts, then M is
called a C*-manifold (modelled on E).

Let (M,.A), (N, B) be C*-manifolds with atlas modelled on K-modules belonging to a
given C%concept. A map f: M — N is of class C* if it is continuous and if, for all choices
of charts (¢,U) of M and (i, W) of N,

Yo fo ¢_1: o(UN f_l(W)) — (W)

is of class C*. Then one shows as usual that C*-manifolds with atlas modelled on a given
C°-concept form a category. Taking maximal atlases, we see that C* manifolds form a
category.

If K is a field, then Lemma 4.9 shows that smoothness of a map may be checked by
using any sub-atlas of the given one. If K is not a field, this may fail. For this reason we
distinguish between the categories of manifolds and of manifolds with atlas. For instance,
product atlases and bundle atlases are in general not maximal, and in case of a base ring
statements may become false when using maximal atlases on products and on bundles.

In particular, all K-modules from the class M are C*°-manifolds and we can define
smooth functions on M to be smooth maps f: M — K. The space C*(M) of smooth
functions on M may be reduced to the constants, and it may also happen that C*°(U;)
is reduced to the constants for all i (e.g. case of topological vector spaces that admit no
non-zero continuous linear forms). Therefore it is no longer possible to define differential
geometric objects via their action on smooth functions. In the category of smooth manifolds
with atlas one can form direct products: given two C*-manifolds (M, A), (N, B), endow
M x N with the topology generated by the Uy x Wy, ¢ € A, € B, together with the open
subsets of the U, x Wy, (this is in general finer than the product topology and coincides
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with the product topology if our C?-concept is “topological”), and the charts are given by
the maps ¢ x 1. These charts are again C*-compatible and define an atlas A x B. Clearly
direct products of smooth maps are then smooth maps. If K is a field, this remains true
also if we complete A x B to a maximal atlas.

It is also possible to define submanifolds; details will be given in [10].

Tangent bundle. A point p € M is described in the form ¢;'(x) with = € ¢;(U;) and
1 € 1. In a different chart it is given by p = ¢j_1(y). In other words, M is the set of
equivalence classes S/ ~, where

S:={(i,z)|r € :i(U;)} C I X E,

and (i,x) ~ (j,y) if and only if ¢; ' (z) = ¢; ' (y). We write p=[i,z] € M = S/ ~.
Next we define an equivalence relation on the set

TS =SxECIXxEXE

via (i,z,v) ~ (j,y,w) if and only if ¢; 0 ¢;'(z) = y, d(¢; o ¢;)(z)v = w. By the chain
rule, this is an equivalence relation. We denote equivalence classes by [i, z, v], and let

TM =TS/ ~.
If [i,z,v] = [j, y, w], then [i,z] = [j,y], and hence the map
7w:TM — M, [i,z,v]— [i,z]
is well-defined. For p = [i,z] € M, we let
T,M =7 (p) = {[i,z,v] € TM|v € E}.
The map
Tod;7' : E— T,M, v i,x,v]

is a bijection (surjective by definition, injective since the differentials are bijections), and
we can use it to define a K-module structure on 7, M which actually does not depend on
(i,7). We then use the linear bijection T,¢; " to transport the topology and C°-manifold
structure from E to T,M, which enables us to speak of C°-maps on T,M and its open
subsets (although 7, M might not be a member of the given class M). The K-module
T,M is called the tangent space of M at p.

We define an atlas T'A := (T'¢;)icr on TM by

TU; =7 YU;), T¢;:TU; — E x E, [i,z,v] = (¢s(),v)

and give T'M the topology generated by the TU; and their open subsets (note the topology
on TU; may be strictly finer than the product topology). Change of charts is now given by

Tgij: (x,v) = (¢ij(z), dpsij(x)v)
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which is C*~1if f is C*. Thus (T'M,T.A) is a manifold with atlas.
If f: M — N is C* we define its tangent map by

Tf:TM — TN, [i,z,v]— [4, fij(x),dfij(x)v]
where f;; = 1,0 fo¢; ' (supposed to be defined on a non-empty open set). In other words,

Tf = (Tw;) " o (fij,dfis) o T = (Tah;) " o T fij 0 Tehs.

This is well-defined, linear in fibers and C*~!. Clearly the functorial rules hold, i.e. we have
defined a covariant functor 7 from the category of C*-manifolds modelled on a C°-concept
into the category of C* '-manifolds. (In [10] it will be shown that this functor can be seen
as the functor of “scalar extension by dual numbers over K.”)

If f: M — K is a smooth function, then T, f: T,M — T,K = K gives rise to a function
TM — K, linear in fibers, which we denote, by some abuse of notation, again by 7'f or by
df. The product rule 3.3 implies that d(fg) = fdg + gdf.

General fiber bundles. General bundles over M are defined following the same pattern
as above for the tangent bundle: assume M is modelled on E and let N be some manifold
modelled on F' € M. Assume that for all triples (4, j, ) such that (i,z),(j,z) € S (i.e.
z € ¢;(U;) N ¢;(Uj)) a diffeomorphism g;;(z) : N — N is given such that the cocycle
relations

9i5(Dik (@) gjn(x) = gie(x),  gu(z) =idn,

are satisfied and such that (z,w) — g;;(z)w is smooth wherever defined. Then we define
an equivalence relation on S x N by

(t,2,v) ~ (j,y,w) if and only if ¢;;(z) =y, gij(z)v = w.

By the cocycle relations, this is indeed an equivalence relation, and by the smoothness
assumption, B := S x F/ ~ can be turned into a manifold with atlas modelled on E x F
and locally isomorphic to U; x N and such that the projection 7: B — M, [i, z, w]| — [i, ]
is a well-defined smooth map whose fibers are all diffeomorphic to N.

If N carries an additional structure (K-module, affine space, projective space, ... ) and
the g;; respect this structure, then each fiber also carries this structure, and homomor-
phisms are required to respect this structure. In particular, if N is a K-module, then b
is called a wector bundle. Direct sums of vector bundles are defined as usual, but other
constructions (like tensor products, or dual bundles) pose problems in general and should
be strictly avoided. For example, already in the real locally convex case, there are vector
bundles without a canonical dual bundle [35]. Nevertheless, differential forms can be de-
fined, but should not be seen as sections of vector bundles (cf. [7], [61]). Examples in [32]
illustrate that topological tensor products in the category of general (not necessarily lo-
cally convex) topological vector spaces over R (or any valued field) may have unfamiliar,
pathological properties. Fortunately, as shown in [10]|, multilinear bundles can be used
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to develop the theory of connections and related notions, without any recourse to tensor
products.

Vector fields and derivations. A section of a vector bundle B over M is a smooth map
&: M — B such that m o & =idy;. The sections of B form a module I'*(B) over C*°(M).
Sections of T'M are also called vector fields and are often denoted by X,Y, Z, ..., and we
use the notation X(M) for I'*°(T'M). In a chart (U;, ¢;), vector fields can be identified with
smooth maps X;: E D ¢;(U;) — FE, given by

X;i=pryoTd;0oXop;t: 97 (U;) > U; - TU; 2U; x E — E.

Similarly, sections of an arbitrary vector bundle are locally represented by smooth maps
For a vector field X : M — TM and a smooth function f: M — K recall that
df : TM — K is smooth and hence we can define a smooth function Lx f by Lx f := df o X.
Then we have the Leibniz rule: Lx(fg) = d(fg) o X = (fdg+ gdf)o X = gLxf + fLxg.
Thus X — Lx is a K-linear map into the space of derivations of C*(M) := C*(M, K).

Remark 8.1 The map
X(M) — Der(C®(M)), X~ Lx (28)

will in general neither be injective nor surjective, not even locally; it therefore cannot be
used to define the Lie algebra structure on X(M).

Example 8.2 Given p € |0, 1], the map (28) fails to be injective if M is a non-empty open
subset of the real topological vector space L?(R), which does not have non-zero continuous

linear functionals; in this case C*°(M) consists of locally constant functions only, whence
Lx =0 for all X € X(M).

Example 8.3 To see that the map (28) need not be surjective, we vary [45, La. 28.4]. Let
M be a non-empty open subset of an infinite-dimensional real Hilbert space E. Then the
closure of L(E,R) V L(E,R) in the Banach space Ly (E,R), of continuous, symmetric
bilinear forms on £ is the proper subspace Kgym of compact symmetric bilinear forms
(cf. [67], Theorem II1.9.5 and II1.9.2, Corollary 1). By the Hahn-Banach theorem, there
is a non-zero continuous linear functional A € Ly, (E,R); vanishing on Kgym. Given
f € C®(M), the map d*f: M — L%, (E,R), is smooth, using that mappings between
Banach spaces are smooth in the Michal-Bastiani sense if and only if they are smooth in
the Fréchet sense [42]. Hence

D:C®(M) — C®(M), Df:=\od’f
maps into C*®(M) indeed. The linear map D is a derivation since d?(fg)(z)(v,w) =

f(@)d?g(z)(v,w) + g(z)d?f(z)(v,w) + df (z)(v)dg(z)(w) + df (z)(w)dg(z)(v) for = € M,
v,w € E, where the sum of the final two terms corresponds to the element 2 df (z) V dg(x)
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of L(E,R) V L(E,R) C Ksym, and thus D(fg)(z) = Md*(fg)(z)) = f(x)A(d?g(x)) +
g(x)A (d2f(x)) = f(z)Dg(x) + g(x)Df (x). There exists § € Liym (E,R) such that A\(8) #
0. Define fs(z) := 3f8(z,z) for x € M. Then Dfg(z) = M) # 0 for all z € M.
Hence D # 0. Given X € X(M), we either have X = 0 (whence Lx # D), or there
exists gy € M such that X(zy) # 0; we may assume that xy # 0. Define a(v,w) :=
(v, Zo)(w, X(20)) + (w,z0)(v, X (20)) for v,w € E. Then o € Ksym and thus Df, =
Aa) =0, but (Lx fa)(xo) = ||X(aco)||2 |lzo||* + (o, X (20))* > 0 and thus Lx # D also in
this case.

Theorem 8.4 There is a unique structure of a Lie algebra over K on X(M) such that for
al X, Y € X(M) and (i,z) € S,

X, Y)i(@) = d¥;(e) Xi(2) — dXi(2)Yi(a). (20)

Proof. The uniqueness is clear. Let us show that, on the intersection of two chart
domains, the bracket [X, Y] is independent of the choice of chart. To this end, assume that

(i,z) ~ (4,9), i.e. y = ¢;8; 'v = ¢;:(z); then X;(y) = de;i(x)X;(x) or, considering now
d¢;; as a function of two arguments,

We have to show that [ X, Y];, defined by (29), has the same transformation property under
changes of charts. We abbreviate ¢ := ¢;;. By (30), we have Y; = dp o (id,Y;) o ¢ ! and
thus dY; = d(d¢ o (id, Y;) o ¢~ '). Using this formula and (30), we get

dYj(6(2))X;(6(z)) = d(dgo(id,Y;) 0 ¢~ ) (Th(z, X;(2)))
= d(d¢o (id, Y;))(x) X;(x)
d*¢(z)(X;(2), Yi(2)) + do(z)dY;(z) X;(z).

We exchange the roles of X and Y and take the difference of the two equations thus
obtained: we get, using Schwarz’ lemma (Lemma 4.6),

dY;(¢(2))X;(o(z)) — dX;(4(2))Y}(4(2)) = do(z)(dY(2) Xi(z) — dXy(2)Yi(z))

which had to be shown. Summing up, the bracket operation X(M) x X(M) — X(M) is
well-defined, and it clearly is K-bilinear and satisfies the identity [X, X]| = 0.
All that remains to be proved is the Jacobi identity. This is done by a direct compu-

tation which involves only the chain rule and Schwarz’ lemma: define a (chart dependent)
“product” of X; and Y; by

(X; - Y)(2) = dY;(2) Xi ).

Then, by a direct calculation, one shows that this product is a left symmetric or Vinberg
algebra (cf. [43]):

Xi- (Vi Zi) = (X; YD) Zi= Vi (X Z0) = (Vi Xo) - 2.
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But it is immediately verified that for every left symmetric algebra, the commutator
[X;,Yi] = X; - Y; — Y; - X; satisfies the Jacobi identity. a

The Lie bracket is natural in the following sense: assume ¢: M — N is a smooth map and
X e X(M),Y € X(N). We say that the pair (X,Y) is ¢-related if

Yop=T¢poX.

Lemma 8.5 If (X,Y) and (X', Y') are ¢-related, then so is (X, X'],[Y,Y']). In particu-
lar, the diffeomorphism group of M acts by automorphisms on the Lie algebra X(M).

Proof. This is the same calculation as the one after Eqn. (30). O

It easily follows from the definitions that the map X(M) — Der(C*(M)), X — Lx is a
homomorphism of Lie algebras.

9 Lie groups

Manifolds with multiplication. As before, we fix a C%-concept over K and consider
smooth manifolds M (in general with atlas, if K is a ring, and with maximal atlas if K is
a field). A product or multiplication map on M is a smooth binary map m: M x M — M,
and homomorphisms of manifolds with multiplication are smooth maps that are compatible
with the respective multiplication maps. (Note that the C°-concept enters explicitly via
the manifold structure on the product M x M.) Left and right multiplication operators,
defined by l,(y) = m(z,y) = ry(z), are partial maps of m and hence smooth self-maps
of M. Applying the tangent functor to this situation, we see that (T'M,T'm) is again a
manifold with multiplication, and tangent maps of homomorphisms are homomorphisms
of the respective tangent spaces. The tangent map 7'm is given by the formula

Tiz,yM (0, 0y) = Tz yym((0z, 0y) + (04, 9y)) = Ty(ry)ds + Ty(l)dy. (31)

Formula (31) is nothing but the rule on partial derivatives (3.8), written in the language
of manifolds. In particular, (31) shows that the canonical projection and the zero section,

7:TM — M, 6, p, z:M—TM, p~—0, (32)

are homomorphisms of manifolds with multiplication. We will always identify M with the
subspace z(M) of TM. Then (31) implies that the operator of left multiplication by p =0,
in TM is nothing but T'(l,): TM — TM, and similarly for right multiplications.

Lie groups. A Lie group is a smooth manifold G carrying a group structure such that
the multiplication map m: G x G — G and the inversion map 7: G — G are smooth.
Homomorphisms of Lie groups are smooth group homomorphisms. Clearly, Lie groups and
their homomorphisms form a category in which direct products exist.
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Applying the tangent functor to the defining identities of the group structure (G, m, 1, e), it
is immediately seen that then (T'G, T'm, T, Or,¢) is again a Lie group such that 7: TG — G
becomes a homomorphism of Lie groups and such that the zero section z: G — T'G also is
a homomorphism of Lie groups.

The Lie functor. A vector field X € X(G) is called left invariant if, for all g € G,
Xol, =Tl,oX. In particular, X (g) = X (I4(e)) = Tel, X (e); thus X is uniquely determined
by the value X (e), and thus the map

X(Q)e = T,G, X X(e) (33)

from the space of left-invariant vector fields into 7,G is injective. It is also surjective: if
v € T,G, then right multiplication with v in TG, Tr, : TG — TG preserves fibers (by
(31)) and hence defines a vector field

0=Tryoz:G—->TG, g~ Tyr,(0,) =Tm(g,v) =Tely(v) (34)

which is left invariant since right multiplications commute with left multiplications. Now,
the space X(GQ)' is a Lie subalgebra of X(M), as readily follows from Lemma 8.5 because
X is left invariant if and only if the pair (X, X) is l,-related for all ¢ € G. The space
g := T.G with the Lie bracket defined by [v, w] := [#, @] is called the Lie algebra of G.

Theorem 9.1 The Lie bracket g x g — g is C°, and every Lie group homomorphism
f: G — H induces a homomorphism T,f : g — b of C°-Lie algebras.

Proof. In order to prove the first statement, pick a chart ¢ : U — V of G such that
#(e) = 0. Since w(z) = Tm(x,w) depends smoothly on (x,w), it is represented in the
chart by a smooth map (which again will be denoted by w@(z)). But this implies that
[0,W](x) = d(w)(x)d(x) — d(?)(z)w(z) depends smoothly on v, w and z and hence [v, w]
depends smoothly on v, w.

In order to prove the second statement, one first has to check that the pair of vector
fields (0, (T.¢v)") is f-related, and then one applies Lemma 7.2 in order to conclude that
T.flv,w]| = [Tefv, T, fw]. O

The functor from Lie groups over K into C%Lie algebras over K will be called the Lie
functor (in a given C° concept over K). At this point, the fundamental problem arises to
describe the image of this functor: when can a C°-Lie algebra over K be integrated to a Lie
group ? A similar problem arises in the context of symmetric spaces (see below). A more
conceptual version of the Lie functor (also for symmetric spaces) is described in [10]. In
[36] the basic theory of infinite dimensional Lie groups over topological fields is developed,
see Section 13 for a list of the main examples.

Symmetric spaces. A symmetric space over K is a smooth manifold with a multiplication
map m : M x M — M such that, for all z,y,z € M,

(M1) m(z,z) =z
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(M2) m(x, m(z,y)) =y, i.e. 2 =1idy,
(M3) m(z, m(y, z)) = m(m(z,y), m(x, 2)), i.e. [, € Aut(M,m),

The left multiplication operator I, is, by (M1)—(M3), an automorphism of order two fixing
x; it is called the symmetry around x and is usually denoted by ¢,. In the finite dimensional
case over K = R, (M4) implies by the implicit function theorem that z is an isolated fized
point of o, and hence our definition contains the one from [49] as a special case.

The theory of symmetric spaces will be developed in [10] and in [11]: in analogy with
the Lie functor for Lie groups, following the approach from [49], one can define a Lie
functor for symmetric spaces associating to a symmetric space with base point a C%-Lie
triple system. Examples (based on Jordan theory) are given in [11] and [12]. For a good
theory of symmetric spaces, one has to assume that 2 is invertible in K.

Part III: Differential Calculus over Topological Fields

In Parts IIT and IV, we focus on the case where K is a Hausdorff, non-discrete topological
field, where M is the class of all Hausdorff topological K-vector spaces, C%-maps are the
continuous maps, and where the product topology is used on products.

All topological spaces are assumed Hausdorff now. Topological fields are assumed Haus-
dorft and non-discrete. The term “ultrametric field” refers to a field K, equipped with a
non-trivial ultrametric absolute value |.|: K — [0, 0o[. Totally disconnected, non-discrete
locally compact topological fields will be referred to as “local fields.”

The goal of Part III is to provide specific results concerning the differential calculus over
topological fields. The main result, prepared in Sections 10 and 11, is the following theo-
rem, to be proved in Section 12:

Theorem. Let (K, |.|) be either R, equipped with the usual absolute value, or an ultrametric
field. Let E and F be topological K-vector spaces and f: U — F be a mapping, defined on
a non-empty open subset U C E. Let k € Ny. If E is metrizable, then f is of class CE
if and only if the composition f o c: KEt1 — F is of class CE, for every smooth mapping
c: KL 5 UL

This theorem substantially simplifies differential calculus on metrizable topological vector
spaces. Note that neither E' nor F need to be locally convex here (for the real locally
convex case, compare [44]).
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10 Basic results

In this section, we prove various basic facts of differential calculus over topological fields.
We also prove some more specific results, which are the basis for the considerations in
Sections 11 and 12.

Various useful facts

Lemma 10.1 Suppose that E and F are topological K-vector spaces, U an open subset
of E, and f: U — F a mapping of class C*, where k € Ny U {co}. Let Fy be a vector
subspace of F' containing the image of f. If Fy is closed in F or if Fy is sequentially closed
and K is metrizable, then the co-restriction f|f*: U — Fy is of class C* as a mapping
into Fy.

Proof. We may assume that k£ € Ny; the proof is by induction on k. The case k£ = 0 is
trivial. Now suppose the assertion holds for C*¥-maps, where k € Ny, and let f: U — F be
a C**'_map such that f(U) C Fy. Then apparently fl(z,y,t) € F, for all (z,y,t) € U
such that ¢ # 0. If (x,y,0) € Ul we find a net (resp., sequence if K is metrizable) (t,)q
in KX such that t, — 0 in K and (z,y,t,) € UM for all a. Then the net (resp., sequence)
(f"(x,y,t4))a of elements of Fyy converges to fl!(xz,y,0), entailing that fl!(z,y,0) € Fp.
We readily deduce that im fl!! C Fy, whence f|™ is of class C!, with (f|f) = f[|Fo,
which is a C*-map by the induction hypothesis. Hence f|% is C**! (Remark 4.2). O

Lemma 10.2 Suppose that E is a topological K-vector space, (F;)ier a family of topological
K-vector spaces, U C E an open subset, and f: U — P a mapping, where P = [[,.; F,
with canonical projections pr;: P — F;. Let k € Ny U {oo}. Then f is of class C* if and
only if pr; o f is of class C* for each i € I.

Proof. We may assume that £ € Ny; the proof is a by trivial induction on k&, which we
leave to the reader (cf. 3.7 and Lemma 4.4). O

Lemma 10.3 Suppose that E is a topological K-vector space, ((F;)icr, (¢ij)i<j) @ projective
system of topological K-vector spaces F; and continuous K-linear maps ¢;;: F; — F; (where
I is a directed set), U C E an open subset, and f: U — F a mapping, where F = lim  F;,

—iel
with limit maps m;: F — F;. Let k € NgU{oo}. Then f is of class C* if and only ifzm- of
is of class C* for each i € 1.

Proof. Each m; being a continuous linear map and thus smooth, m; o f is of class C* if f
is of class C* (Proposition 4.5). Now suppose that m; o f is of class C* for each i € I. We
may assume that F' is realized as a closed vector subspace of P := [[,.; F;, and 7; := pr;|r
(where pr;: P — F; is the corresponding canonical projection). By Lemma 10.2, f is of
class C* as a mapping into P, and thus f is C* also as a map into F, by Lemma 10.1. O
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Lemma 10.4 Let E and F be topological K-vector spaces, N be a closed vector subspace
of E, and q: E — E/N =: E; be the quotient map. Let k € Ny U{oc}, and f1: Uy —» F
be a mapping, defined on an open subset Uy C Ey. Let U C E be an open subset such that
q(U) = Uy. Then f, is of class C* if and only if f := fioq|y*: U — F is of class C*.

Proof. The continuous linear map ¢ being smooth, f will be of class C* if so is fi
(Proposition 4.5). For the converse direction, we may assume that k& € Ny; the proof is by
induction.

The case k = 0. The mapping q\gl : U — U is a continuous open surjection and thus a
quotient map. Hence, if f = f; 0 q|g1 is continuous, then so is f;.

Induction step. Suppose that the assertion holds for some k£ € Ny, and suppose that
f=1fio q|gl is of class C**!. Then, by induction, f; is a mapping of class C¥, entailing
that also

AUt = F ey 0 = (@ + ) = A(@)
is a mapping of class C*, where UP[ = {(',y,t) € Ulm : t # 0}. Next, suppose that

(z,y,t) € UM =: W and (u,v,t) € W such that ¢(z) = ¢q(u) and q(y) = q(v). If t # 0,
then

If t = 0, we pick a net (t,), in K* converging to 0 in K such that (z,y, ), (u,v,t,) € W for
all o, and deduce from the preceding that flU(z,y,t)=lim f(z,y,t,)=lim fM(u,v,t,) =
fM(u,v,0). By the preceding, the mapping g := f1: W — F factors over the open
continuous surjection (and thus quotient map) p := (¢ X ¢ X idK)%l, where W, 1= (¢ X
g X idg)(W) C E; x E; x K. Thus, there is a mapping ¢; : Wi — F such that g; o p = g.
Note that g¢; is of class C*, by induction. It is easy to see that Ulm = U%l[ U Wi and
lomtow, = Blpnty,- Thus bz U — F, defined via Al = fi', hlw, = g1, is
a mapping of class C*. As h(z',y',t) = f%l[(ac’,y’,t) = H(A@ + ) — fi(a")) for all
(', y',t) € U}l[, we see that f; is of class C*, with fl[l] = h. The mapping h being of
class C*, we deduce with Remark 4.2 that f; is of class C*+1. O

Specific results for later use

We now make a number of observations of a more specialized nature, which are vital for
the following sections.

The first lemma generalizes [69], Lemma 29.7.

Lemma 10.5 Let E be a topological K-vector space, U C K be a non-empty, open subset,
neN, and f: U — E be a Cf *-map. Let A := {(z,x,...,2) € UM : 2 € U} be the

diagonal of U™'. Then there ezists a continuous function h: U""'\ A — E estending
f>n<‘
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Proof. By Proposition 6.9, f is a C%_'-map. Now copy [69], proof of Lemma 29.7. a

Lemma 10.6 Let X be a metrizable topological space, Y be a regular topological space, and
f:D =Y be a continuous mapping, defined on a dense subset D C X. If lim, o f(z,)
exists for all sequences (Tp)nen in D which converge in X, then f extends to a continuous
mapping f: X =Y.

Proof. Suppose that z € X\ D. If (z,)nen and (yn)nen are sequences in D which con-
verge to x, then so does x1, y1, T2, ¥a, - - - , whence the sequence f(xz1), f(y1), f(z2), f(y2),- - -
converges to some limit p by hypothesis. Then lim,, o f(2,) = lim, s f(yn) = p. As a
consequence, g(x) := lim, .o f(z,) is well-defined, independent of the choice of sequence
(n)nen converging to x. Set g(y) := f(y) for y € D. Then clearly g: DU {z} — Y is
continuous. The assertion is therefore a special case of [23], Exerc. 3.2. B (see also [22]). O

Lemma 10.7 Let K be a metrizable, non-discrete topological field, U C K be a non-empty
open subset, E be a topological K-vector space, and f: U — E be a map. Letn € N. If f is
continuous and the limit imy_,oo f7"<(xy) exists for all sequences (Tk)ren in U™ which
converge in U™ then f is a C%,,-map (and thus of class C}).

Proof. Since f is continuous, a simple induction shows that f~™< is a continuous map,
for all m € Ny. In particular, f>"<: U”"< — E is continuous. Since U”"< is dense in
U™l and E, like any topological group, is regular as a topological space, in view of the
hypotheses we can apply Lemma 10.6 and obtain a continuous extension f<">:U"*! — FE
of f>"<. Thus f is a C%,-map and hence of class C} (Proposition 6.9). a

In this connection, we shall find the following topological fact very useful:

Lemma 10.8 Suppose that X is a metrizable topological space, Y a topological space, and
f: S =Y amap, defined on some subset S of X. Let x € S be in the closure of S. Then
the following conditions are equivalent:

(a) The limit lim,,_, f(z,) ezists, for every sequence (x,)nen in S which converges to x.

(b) For every pair of sequences (T)nen and (Yn)nen in S which converge to x, there exist

subsequences (Tn, )ken, 7€SP-, (Ymy Jken Such that f(Tn,), f(Ymi), f(@ny)s f(Yms), - .- s
a convergent sequence in'Y .

Proof. (a)=(b): Supposing that (a) holds, let (z,)nen and (yn)nen be sequences in S
which converge to x. Then also the sequence x1,y1, 2, Yo, ... converges to z, and hence
f(z1), fy1), f(x2), f(yn), -.- converges in Y, by (a). Thus (a) entails (b).

(b)=-(a): Supposing that (b) holds, let (z,),en be a sequence in S which converges
to . Then (b), applied with (y,)nen = (Zn)nen, entails that (f(x,))nen has a convergent
subsequence (f(%n,))ken, With limit p, say. If the sequence (f(z,))nen did not converge
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to p, then we could find a neighbourhood U C Y of p and a subsequence (z,, )ken of
(p)nen such that f(zn,,) ¢ U for all k£ € N. By the argument used before, we then find
a subsequence (xmkj)jEN of (%, )ken such that f(z;) converges in Y as j — oo, where we
abbreviated z; := Loy, - Let ¢ := lim;_, f(2;). Then g # p, since f(z;) ¢ U for all j.
However, by (b), we can find subsequences of (f(zy,,))ken and of (f(2;));jen which converge
to the same limit. Thus p = ¢, and we have reached a contradiction. O

11 Continuity versus continuity along curves

The following discussions were inspired by the fact that the topology on a metrizable, real
locally convex space E is final with respect to the set C*®°(R, E) of smooth curves ([45],
Theorem 4.11). In this section, we prove an analogous result for metrizable topological
vector spaces over ultrametric fields. Furthermore, in the real case, we are able to remove
the hypothesis of local convexity.

Lemma 11.1 (Special Curve Lemma: Ultrametric Case) Let K be an ultrametric
field, and 0 # p € K be an element of absolute value |p| < 1. Let E be a metrizable
topological K-vector space, and U C E be an open subset. Let x € U, and suppose that
(Zn)nen and (Yn)nen are sequences in U which converge to x. Then there ezists an injective,
monotonically increasing mapping m: N — N, k +— my and a smooth curve c: K — U,
with the following properties:

a) c(p¥) = xp, for all k € 2N —1, and c(p*) = ym, for all k € 2N;
c(0) = z;

(c

(
(b
(d

)

)

) clgx is locally constant;

) If t,s € K such that |t| = |s|, then c(t) = c(s);
)

(e) c(K*) = {c(p*): k € N}.
Note that if (Zp)nen = (Yn)nen in particular, then (c(p*))ren is a subsequence of (Tn)nen-

Proof. Without loss of generality, we may assume that x = 0 € U (the general case
follows via translations). Let O := {t € K: |t{|] < 1} be the valuation ring of K, which
is an open, closed subset of K. We recall that a zero-neighbourhood V' C F is called
balanced if OV C V. Since E is a metrizable topological K-vector space, there exists a
sequence (W,),en of balanced, open zero-neighbourhoods such that {W, : n € N} is a
basis for the filter of zero-neighbourhoods in E, and furthermore W,, C U for all n € N,
W, + W, CW,_, ifn>2, and p~2*"W,, C W,,_;.

We pick m; € N such that z,,, € W; and y,,,, € W;. This is possible since lim,,_, o x,, =
lim,, ,o ¥, = 0. Inductively, having defined natural numbers m; < my < --- < my for
some k € N such that z,,, € W; and y,,,, € Wj for all j € {1,...,k}, we pick myy; € N
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such that myy1 > my and such that z,,, , € Wiy and ym,, € Wiyi. In this way, we
obtain a monotonically increasing, injective mapping m: N — N, & — my such that, for
all k € N, we have z,,, € W and y,,, € W;.

Note that Uy := p*O\ p*™ O = {t € K: |p/Ft < |t| < |p/¥} is an open and closed
subset of K for each k£ € N, and

pO = {0} U Uken Uk »
where the union is disjoint. We define c¢: K — U via

0 if t=0;
) zy, if t€Uyand k€2N-1;
W= 4ot i te U and k € 20
Tm, if [t] > |pl.

Then c is constant on each of the open sets Uy and also on K\ pO, entailing that c|gx
is locally constant and thus a mapping of class C%°. Furthermore, c satisfies (a)—(e) by
construction. It only remains to show that ¢ is smooth. Given r € ]0, o], there exists a
unique number v(r) € Z such that |p[*(+ < r < [p[(7).

Claim. For each n € Ny, the following holds:
(i) c is of class Cf.

(ii) We have ¢o"<(t) € Wy(ic)-2n, for all 0 # t = (t1,... ,tny1) € Ko< C K" of
supremum norm ||t < |p|*™ ™ (meaning that v(||t]|eo) > 4n + 1).

(i) If n > 1 and t = (t1,... ,thy1) € Ko™ such that |t1] = |to| = --- = |tny1], then
c"<(t) = 0.

The proof is by induction on n € Ny. To prove the case n = 0, suppose that 0 # t € K>< =
K such that [t| < |p| and thus v(|t|) > 1. Then ¢ € U, and thus, by definition of ¢, we
have C>0<(t) = c(t) € {x,,(w),yy(m)} - W,,(m), showing that (ii) holds. Since v(Jt|) — oo
as t — 0 and the W;’s form a descending fundamental sequence of zero-neighbourhoods,
we deduce that ¢(t) — 0 = ¢(0) as ¢ — 0. Thus c is continuous at 0 and thus continuous
(being smooth on K*). Thus ¢ is a C°-map, establishing (i).

Induction step. Suppose that the claim holds for some n € Ny. Let t = (t1,19,... ,tni2) €

K>"+1<. Then ¢ 7é 0. If |t1‘ = |t2| = ... = |tn+2|’ then
C>n+1<(t) — "< (tl’ t37 e atn+;) B §>n< (t2> t3a s atn—|—2) -0 ’
1 — 02

using that ¢>"<(t1,t3, - ,tnr2) = ¢"<(ta,t3,. .. ,tnr2) by (d) in the case n = 0, resp., by

(iii) for the map ¢>"< if n > 1 (valid by the induction hypothesis). Thus (iii) also holds
for ¢>nHI<,
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To see that (ii) holds for ¢>™*!< let t = (¢1,...,tn0) € K>"T1< such that ||t <
|p| P FDFLTE [ty = [ta] =« -+ = |tpol, then ™" F1<(t) = 0 € Wy(j4je)-2(nt1)- It Temains to
consider the case when not all absolute values |t;| are equal. Since ¢>"*!< is symmetric in its
n + 2 variables, we may assume that |t;| = ||t||« and [¢;| > [t2| without loss of generality.
Then |t; — t3] = [t1] = ||t|| and thus, abbreviating r := (t1,%3,... ,t,12) € K*"< and
5:= (t2,13,- - ytns2) € K>"< we have ||7||oo; [|5]lc0 < [[tlloo < [p]* T+ < |p|**+1, whence
"< (r) € Wo(rio)—2n € Wi(jt)jo)—2n by the induction hypothesis and similarly® ¢>"<(s) €
Wo(ltloe)-2n- Thus

n C>"<(’I‘) _ c>n< (S) 1
C> +1< (t) - — € — . (WU(||t||oo)—2’n —+— WV(”tHoo)—Q’ﬂ)
11—t t1 — 1o
1 pV(||t||oo)+1 o .
C g Wttty = T Y W)

—(v o )+1
pm Wl 0) Ly
Wo(tlee)—2n—2 = Wi(tlco)~2(n+1) -

N 1N

: : . . . v(l1tloo)+1
Here, the penultimate inclusion holds since Wjy|..)-2n—1 is balanced and | ——| =

v(lltlloo) v(lltlloo) . . .
% = % < 1. To see that the final inclusion holds, abbreviate N :=

V(||t|lc) —2n — 1. Then
N>4n+1)+1-2n—1=2n+4 (35)
by choice of t. Furthermore, v(||t||) +1 =N +2n+ 2 < 2N, using (35). Thus

p T W, ) —2n1 = p~ G T 7y € o™V Wiy € Wivsy = W) 202 5

as asserted. Thus (ii) is established for ¢>"*1<.

As c is of class C% by induction, there exists a continuous map h: K""2\ A — E
extending ¢>""1< where A := {(¢,t,...,t) € K"*2: ¢t € K} (see Lemma 10.5). On
the other hand, as g := c|gx is smooth, the map ¢>"*!< extends to a continuous map
g<"t1> (KX¥)"*2 — E. We define a mapping ¢<"*>: K"*2 — F via

h(t) if teK'2\A
c<n+1>(t) = g<n+1>(t) if te (KX )n+2
0 if t+=(0,0,...,0)

for t € KM%, To see that ¢c<"*'> is well-defined, note that D := (K*)>"*!< is a dense
subset of K"*? and hence also of the open subset V := (K*)"*2 N (K"*2\ A) of K"*2,
which is the intersection of the domains of definition of A and ¢g<"*'>. Since g<"*1>|p =
g>" 1< = > 1<, = h|p, the continuity of g<"*1> and h entails that g<"*1>|;, = hly.
Thus ¢<"*!> is well-defined.

5If n = 0, it may happen that s = 0. In this case, we cannot use the induction hypothesis, but observe
directly that ¢”%<(s) = ¢”9<(0) = ¢(0) = 0 € W,(jj¢||oc)—2n-
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Note that K"*2 is a metrizable topological space and E, being a topological vector space,
is a regular topological space. Since ¢<"1>|gxyn2 = g<"*1> and <"1 |gas2\a = h are
continuous, D is dense in K"™? and (K*)"™? U (K"*?\A) = K**2\ {0}, Lemma 10.6
shows that ¢<"*'> will be continuous if we can show that ¢<"*'>(¢;) — ¢<"*1>(0) = 0
in E, for every sequence (¢;)jen in D = (K*)>""'< C K"*? converging to 0 in K"*2. But
this readily follows from (ii). In fact, given a zero-neighbourhood @ in E, there exists £ € N
such that W, C @. There is jo € N such that ||t;]|e < [p[*™*DF! and |/t)]|e < [p¢H2HD)
(and thus v(||¢;||e) —2(n+1) > ) for all j € N such that j > jo. For any such j, (ii) gives
() € Wit le)-2(n+1) € Wi € Q. Thus <"1 (t;) = ¢ *1<(t;) = 0 as j — oo
indeed. Thus ¢<"*!> is continuous and thus c is of class Ci™' (see Proposition 6.9). This
completes the inductive proof of the claim. The claim be1ng true, c¢ is smooth. O

We can also create smooth curves in metrizable real topological vector spaces (which need
not be locally convex). Compare [25, Proposition 4.2.15] and [45, p. 18] for closely related
results for real locally convex spaces.

Lemma 11.2 (Special Curve Lemma: Real Case) Let E be a metrizable topological
real vector space and U C E be an open subset. Let x € U, and suppose that (x,)nen
and (Yn)nen are sequences in U which converge to x. Let p €1]0,1[. Then there ezists
an injective, monotonically increasing mapping m: N — N, k — my and a smooth curve
c: R — U, with the following properties:

(a) c(p*) = xpm, for all k € 2N — 1, and c(p*) = ym, for all k € 2N;

(b) ¢(0) =

(¢) c(t)

(d) c([p"1, p*]) = conv{c(p*t1), c(p*)} is the line segment joining c(pF1) and c(p*) in E,
forall k € N;

=)

c(—t) for all t € R;

k+1

(e) cljp,00[ s constant.

Proof. Without loss of generality, xt = 0 € U. There exists a € N such that p* < 1—p. We
choose a descending sequence (W),)nen, of open, balanced zero-neighbourhoods W,, C U
of E such that {W,: n € Ny} is a basis of zero-neighbourhoods, W,, + W,, C W,,_; for all
n €N, and p *tHonW, C W,_,. Then p "W, C W,_;, using that W, is balanced and
n+ 14 a > 2. We now define an injective, monotonically increasing function m: N — N,
k +— my, as described in the proof of Lemma 11.1. Given k € N, we define z;, := z,,, if k
is odd, 2z = yp,, if k is even. Fix ¢ € 0, %[ We pick a smooth, monotonically increasing
function 7: R — R such that 7||_ = 0 and 7|j_. o[ = 1. We define ¢(0) := 0 and
c(t) := T, for t €]p, oc[. Given t €]0, p[, there is a unique k € N such that pF™l < ¢ < pF;
we define ¢(t) as the convex combination

t— P +1 t— pk—|—1
o= (127 () ) o+ (755 ) o Wi i 20
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Finally, set ¢(t) := ¢(—t) for t < 0. We have defined a function ¢: R — U. It is clear that ¢
is smooth on |— oo, —p[ and |p, co[, and also on some open neighbourhood of —p* and on
some open neighbourhood of p¥, for each k£ € N (since c is constant there). Furthermore,
c is smooth on |p**1, p*[ and |- p*, —p**!] for each k € N, thanks to the smoothness of 7.
As a consequence, c|gx is smooth. Furthermore, ¢ satisfies (a)—(e) by construction. It only
remains to show that c is smooth on all of R.

To this end, we observe first that ¢ is constantly z; on [p* —e(p* — p*F*1), pF + (%=1 — p*)],
entailing that (36) describes c(t) for a given k € N not only for ¢ € |p*TL, p*], but actually
for all t € [p**! — ep*T(1 - p), p* +ep* (1~ p)].

Given n € N, there exists C,, € [0, 0o such that

|7<"> ()| < C, and |(1—7)<"(t)] < C, forallte [—ep,1+ %6]"“; (37)

the set [~ep, 1+ Ze]**! being compact.

Next, given k € N, consider the affine-linear bijection aj: R — R, ak(t) Loptt ). For

= Fli-p
n € Ny, let ag,,: RZ™< — R>™< be the map (t1,...,ty11) — (ox(t1),. .., ax(tnt1)). Then
(7 0 ) < (b1, £2) = (Toay)(t1) = (T o ay)(ta) _ 1 T(aok(t1)) — T(ak(t2))
, b=t "1 —p) () — ax(ts)

for (t1,t2) € R>!'< and thus (70 ag)”!< = (p¥(1 — p)) - (77 o ay,). A trivial induction
shows that (7 o0 ag)”™< = (p*(1 — p)) ™ - (77" 0 ay,) for all n € Ny, and similarly
(1=7)oag)”™< = (p"(1—p)™((1 —7)>"<oay,). As a consequence, for all n € Ny and
t=(t1,--- ytug1) € [P —epF (1 = p), pF + 711 — p)]" ™ NR>"<, we have

<@t = (1—=7)oa)”™(t) - zgq1 + (T o ag)”™<(t) - 2
€ (p"(1 = p)"[=Cny Cal - 241 + (0 (1 = p)) ™" [=Chny Gl - 2
C (A1 =) "CaWiir + (0 (1 = p)) " CuWW
C (1= p) "CuWi 1. (38)
A very similar argument shows that this conclusion is also valid for all ¢t = (¢1,... ,t,41) €

(I =21 — ) e (1 = ) AR,
Given r € ]0, o], there is a unique v(r) € Z such that p*"+! < r < p*™. We claim:
Claim. For each n € Ny, the following holds:

(i) ¢ is of class Cg.

(ii) There exists L, > 0 such that, for all 0 # t = (t1,... ,tpy1) € RZ"< of supremum
norm ||t||s < p**?, we have ¢>™<(t) € Ly, - Wy(jjtjoc)—2n—1-
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The proof is by induction on n € Ny. To prove the case n = 0, suppose that 0 # t €
K>%< = K such that [t| < p?. Set k := v(|t|) > 2. Then t €]p**1, p¥] U [—pF, —p* [ and
thus ¢>%<(¢) = c(t) € Wy_1 = Wy_a0_1 (see (36)), showing that (ii) holds with Ly := 1.
Since v(|t|]) — oo as t — 0 and the W;’s (for j € N) form a descending fundamental
sequence of zero-neighbourhoods, we deduce that ¢(t) — 0 = ¢(0) as ¢ — 0. Thus c is
continuous at 0 and thus continuous. We have shown that ¢ is a C%-map: (i) is established.

Induction step. Suppose that the claim holds for some n € Ny. Let t = (t1,19,... ,tni2) €
R>"*1< such that ||t||e < p**T6. Then t # 0. We abbreviate k := v(||t||)- There are two
cases. First, suppose that

{t, - stura} © [P —ep (1 —p),p*] or
{ti, . stura} © =" —eptt (1 - p), ]

holds. Then ¢>"+1<(t) € (p*(1—p)) "tV C, Wy, C p~*ta+0C W, by (38). Note
that n4+1 < k—1 here since k > 4n+6. Hence p~ kTt Dyy, _ C p (k-Dtet -1y, | C
Wi—2 € Wi_a(nt1)-1, whence indeed (ii) holds, provided we choose L1 > Cp 1.

If, on the other hand, (39) is not satisfied, then there exist i,5 € {1,...,n + 2} such
that i # j and [t; — t;| > epF*? - (1 — p). Since ¢>"*!< is symmetric in its n + 2 variables,

(39)

we may assume that ¢ = 1 and j = 2. Abbreviate r := ({1,t3,... ,tn2) € R°™< and
5= (to,t3,... ,tny2) € RZ™<. Then ||7]|co, [|5]loo < |[t]leo < p** ¢ < p***2 and hence®
SH() = "< (r) — "< (s)
t1 — 1o
1
€ 5 (LaWigpe)2n1 + LaWo(jsjc)-2n-1)
1— 12
L, Ly,
- (Wi—2n-1+Wi_2n1) C Wi on2
tl — tg tl - t2
L, L L
c ——" &y, o o C—" W, o o = — " W, L
= 8(1_,0)0 k—2n 2_8(1_,0) k—2n—2-1 21— p) k—2(n+1)—1

To see that the final inclusion holds, note that & + 1 < 2(k — 2n — 2) because k£ =
V(|[tlloo) > 4n + 6. Hence p~*tDWy o, o C p~2k=20=DW, o, » C Wy_g,_2-1 by choice of
the fundamental sequence of balanced zero-neighbourhoods.

Thus, in both possible cases, (ii) holds for ¢>"*!< if we define L, := max{C, 1, E(f—ﬁp)}
Using (ii) and the induction hypothesis that ¢ is of class Cg, we now see as in the ultrametric
case (proof of Lemma 11.1) that ¢>"*!< extends to a continuous mapping R"*? — E,
whence c is of class Cpt'.

Thus the claim is established. Consequently, ¢ is smooth. The proof is complete. O

61f n = 0 and s = 0, pass directly to the third line.
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Theorem 11.3 Let (K |.|) be either R, equipped with the usual absolute value, or an
arbitrary ultrametric field. Let E be a metrizable topological K-vector space and let U C E
be a non-empty open subset. Then we have:

(a) The given topology on U (induced by E) is the final topology with respect to the set
C®(K,U) := C*(K, E) NUX of smooth curves c: K — U.

(b) A mapping f: U — Z from U to a topological space Z is continuous if and only if
foc: K— Z is continuous for each smooth curve c: K — U.

Proof. Let O be the given topology on U, and Oy be the final topology on U with respect
to the set C*°(K,U). Every smooth curve ¢c: K — U being continuous, we have O C Oy.
The converse inclusion Oy C O (and thus the validity of (a)) will follow if we can prove (b)
(as we may take Z = (U,Oy) and f: U — Z, x — « in particular).

Thus, let f: U — Z be a map from U to a topological space Z. If f is continuous, then
f o cis continuous for each ¢ € C*(K,U). Conversely, suppose that f o ¢ is continuous
for each ¢ € C°(K,U). Note that a sequence (z,)nen in the topological space Z converges
to z € Z if and only if every subsequence of (z,)n,en has a subsequence which converges
to z. Thus, U being metrizable, the map f will be continuous if we can show that every
convergent sequence (,)nen in U, with limit z, say, has a subsequence (z,, )xen such that
(f(zn,))ken converges to f(z). Now, given (z,)nen, the Special Curve Lemma 11.1 (resp.,
11.2) applied with (y,)nen = (Zn)nen provides a smooth curve c: K — U and an injective,
monotonically increasing function N — N, k — my, such that ¢(0) = z and c(p¥) = 7,
for all k € N, for some element 0 # p € K such that |p| < 1. Since f o ¢ is continuous by
hypothesis, and p¥ — 0 in K, we deduce that f(z,,,) = (foc)(p*) = (foc)(0) = f(z) as
k — o0o. Thus (2m, )ken is a subsequence of (z,)nen such that f(z,,,) = f(z) as k — oo.
In view of the above considerations, we conclude that f is continuous. O

Compare also [3] and [4] for related results in the real case.

12 Testing whether f is C* via smooth maps on K¢+!

It is well-known that a mapping f: U — F on an open subset U of a real Fréchet space F,
with values in a Mackey complete locally convex real topological vector space F', is smooth
if and only if it is smooth in the sense of convenient differential calculus, viz. foc is smooth
for every smooth curve ¢: R — U (cf. [45], Theorem 4.11 (1); if E is finite-dimensional
and F' = R, this is a classical theorem by Boman [14]). In this section, we show that
variants of this fact are valid for not necessarily locally conver topological vector spaces
over K = R, and also for topological vector spaces over ultrametric fields K, when smooth
curves K — U are replaced with smooth mappings K¥ — U for suitable k € N.

We start with some preparatory definitions and considerations.
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12.1 Given a non-discrete topological field K, topological K-vector space E, and open
subset U C E, we define Ul := U, Ulll := U N (E x E x K¥), and inductively Ul :=
(Uk-H N (E[k’l] x Bl x K*). If F is a topological K-vector space and f: U — F a
map, we define fI%0:= f. Recursively, given k£ € N and having defined fVl: UVl — F for
j=0,...,k— 1wedeﬁnef 5 F via

1
(W + ty) — () for all (z,y,t) € UKL C El-1 x Elk-1 x KX,

(2, y,t) := -

It is clear that UMl is a dense, open subset of Ul for each k € Ny. Furthermore, if f is
continuous, then so is f/*[ for each k& € N;.

12.2 In the preceding situation, the map f is of class CE (for k € Ny) if and only if f is
continuous and f*l extends to a continuous map g: U¥l — F in this case, g = fl¥.

[In fact, if f is C’H’g, then g := f is a continuous extension of f¥l and the only such
by density of U*l in U, The converse direction can be proved by induction on k. The
case k = 0 is trivial. NOW suppose that the assertion holds for £ and suppose that Jilags!
has a continuous extension g : UF* — F. Pick 2o € UL, Then fll(z) = fl(zy) +

(20, 2 — 9, 1) for all 2 € Uk shows that the continuous map h: UK — F h(z) :=

¥ (o) + (g, © — 20, 1) extends f*. By induction, f is C* with A = f¥. Then (f[ Nl =
g\(U[k])]l since both functions are continuous and coincide with f +1[ on the dense subset
U+1L of their domain of definition. Hence f*! is C! with (f¥)[l = g, and thus f is C**!

Lemma 12.3 Let E and F be topological vector spaces over a non-discrete topological
field K and f: U — F be a map, defined on an open subset U C E. Let m € N, n € Ny,
and v: V. — U™ be a smooth map, defined on an open subset V.C K™. Let D CV be a
subset such that v(D) C UM, and suppose that Xo C D is a non-empty finite subset of the
closure of D in V. Then there exists a smooth map I': W — U, defined on an open subset
W C K™ an open neighbourhood Y of Xo in V, and a smooth map ¢: Y — W™ such
that g(DNY) C Wl and

(Ve e DNY) (@) = (f o TP (g(2)).
Proof. We prove the assertion for all n € Ny, by induction.
The case n = 0 is trivial: we can take W :=Y =V, ' := v, and ¢ := idy.

Induction step. Suppose that n € N, and suppose that the assertion of the lemma is correct
if n is replaced with n—1. Let v: V — U™, D, and X, C D be as described in the lemma.

According to EM = Eln=1 x EI"=11x K we have v = (71, 72, 73) with smooth coordinate
functions 71, 72, and 3. For all 2 € D, we have y(z) € Ul"l and therefore v, (z) € Ul
Y1 (z) + 73(x)72(z) € UL and v3(z) € K*. Furthermore, by definition of "

: (F" (@) +1(@)70(@) = 7M@) . (40)

(VvzeD)  fl(y(z)) = (@)
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Define Xy = {(z,73(z)) : z € Xo} U{(z,0): 2 € Xy} C V x K. There exists an
open neighbourhood V; of X, in V x K such that n(x,t) := v (z) + ty,(z) € U for all
(z,t) € Vi. Then n: Vi — U Uis smooth. We define D; := ({(,0): 2 € D}U{(z,y3(2)):
z € D})NVi. Then n(D;) C v (D) U {m(z) +13(z)y2(z): z € D} C U by the above
observations. If z € X, and (z,) is a net in D converging to z, then (z,,0) € Vi and
(Za,V3(2a)) € Vi eventually (as V; is an open neighbourhood of (z,0) and (z,v3(z)),
where 73 is continuous). Thus (74,0) € Dy and (%4,73(2a)) € D; eventually, entailing
that (x,0) € D, and (z,73(z)) € Dy. Thus X; C D;.

By the induction hypothesis, there exists an open subset W C Kr-D+m+1) — Rn+m
and smooth map I': W — U, an open neighbourhood Y; of X; in Vi, and a smooth map
h: Yy — W1 such that h(D; NY;) C Wil and

(Ve e DinY:)  f"H(n(z)) = (f o I)" H(h(z)). (41)

There exists an open neighbourhood Y C V of X, such that Y x {0} C Y7 and {(z,73(z)):
z € Y} CYi. Then (x,0) € Dy and (x,v3(x)) € D; for all z € Y N D and thus

(@) = 731.@ (£ Unta,20(a)) - £ LGz, 0))
" 5 (70D ha (@) = (7 0 TP h,0)
= 5 (o) (k0 + (@) (@) (0 (2)) = bz, 0))

—(f o 1) H(h(2,0)))
= (foD)"(h(z,0), hm((x 0), (0,1), 73()), 73(2)),
using (40) to obtain the first equality and (41) to obtain the second. Note that g: Y — W
g(z) := (h(z,0), h((x,0), (0,1), y3(x)), v3(z)) actually maps into W™ is smooth, and
takes Y N D into WI"l. Furthermore, by the preceding f"l(y(z)) = (f o I)I"l(g(x)) for all
x € Y N D. Thus the assertion is established for f. This completes the proof. O

We are now in the position to prove the theorem announced at the beginning of Part III.

Theorem 12.4 Let (K, |.|) be either R, equipped with the usual absolute value, or an
arbitrary ultrametric field. Let E and F be topological K-vector spaces and f: U — F be
a mapping, defined on a non-empty open subset U C E. If E is metrizable, then for each
k € Ny, the following conditions are equivalent:

(a) f is a mapping of class CE.

(b) The composition f oc: K — F is of class CE, for every smooth mapping c :
K - U.

In particular, f is smooth if and only if foc is smooth, for every k € N and every smooth
map c: KF = U.
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Proof. By the Chain Rule, (a) implies (b). We prove that (b) implies (a) by induction on
k € Ny. For k =0, (b) entails (a) by Theorem 11.3. Thus, assume that ¥ € N and assume
that (b) implies (a) when £ is replaced with £ — 1. Let f: U — F be a map satisfying (b).
If c: K¢ — U is smooth, then so is co: KE1 — U, ¢o(ty,... ,ths1) == c(t1,..., 1), and
thus f ocg is of class C¥ by (b). Since (foc)(ty, ... ,tx) = (foco)(ti, ... ,t,0), we deduce
that also f o c is of class CE, whence f is of class C]Ilzfl by the induction hypothesis and
thus continuous. Therefore f will be of class C* if we can show that f*[ extends to a
continuous map Ul — F (see 12.2). In view of Lemmas 10.6 and 10.8, to obtain the
continuous extension, we only need to prove the following claim:

Claim. For every pair of convergent sequences (Tn)nen and (Yn)nen in UFL with the same

limit, there are subsequences of (f*(z,))nen and (f*{(yn))nen converging to the same limit
z € UM,

To establish the claim, note first that by Lemma 11.1, resp., 11.2, there is a smooth curve
v: K — UM such that (y(p¥!))jen is a subsequence of (z,)nen and (y(p?))jen is a
subsequence of (y,)nen, for a suitable element 0 # p € K such that |p| < 1. Applying
Lemma 12.3 with m = 1, D := {p/ : j € N}, and X, := {0}, we find a smooth map
[': W — U, defined on an open subset W C K**! an open zero-neighbourhood Y in K,
and a smooth map g: Y — W such that g(DNY) C Wkl and

RO ) = (foD)H(g(p))  forall j > jo, (42)

where we have chosen j, € N so large that p’ € Y for all j > j;. Here fol is of class C*. In
fact, if z € W, there exists a smooth function y,: K¥t1 — W such that x,(w) = w for all
w in some open neighbourhood W, C W of 2.7 Then T, :=T'oy,: K¢ — U is a smooth
mapping defined on all of K¥*!, whence f o T, is of class C* by hypothesis, and hence so
is foTl|w, = fol.|w, Being locally C*, the map f o[l is of class C¥. Now (f o I')[¥
being continuous, we observe that the right hand side of (42) converges to (f o I')[¥1(g(0))
as j — 0o. The left hand side of (42) provides subsequences of (f*l(z,))nen (for odd 7)
and (f*(y,))nen (for even j). By the preceding, both of them converge to (f o I')¥I(g(0)).
Thus the claim is established, and the proof is complete. O

Compositions with smooth maps R¥ — E, for locally convez E and F, have been considered
in [44], for similar purposes. Cf. also Souriau’s theory of diffeological spaces [71], [51].

Remark 12.5 Let K be as before. Given a topological K-vector space E, let us write
c¢®(F) for E, equipped with the final topology with respect to the set C*°(K, F) of smooth
curves. For metrizable E, we have F = ¢*(F) by Theorem 11.3. If E and F are topo-
logical K-vector spaces and U an open subset of ¢®(F), let us call a mapping f: U — F
conveniently smooth or a c®-map if f o ¢ is smooth, for every n € N and every smooth
map c: K* — E with image in U. If K = R and F' is locally convex, then f as before is

"If K is an ultrametric field, simply define y(w) := w on some open and closed neighbourhood of z
in K¥+! which is contained in W, and define x(w) := z elsewhere. The real case is standard.
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conveniently smooth in the sense just defined if and only if f ocis smooth for each smooth
curve ¢c: R — U, i.e., if and only if f is smooth in the usual sense of convenient differential
calculus ([25], [45]), as a consequence of Boman’s Theorem ([14], [45]) and Grothendieck’s
Theorem linking smoothness and weak smoothness. While Grothendieck’s Theorem easily
adapts to the case of local fields [36], it is not known yet whether an analogue of Bo-
man’s theorem holds over ultrametric fields (or at least local fields). For this reason, we
cannot restrict attention to curves in the definition of ¢*-maps. In [36], the rudiments
of a possible “ultrametric convenient differential calculus” just sketched are used to es-
tablish exponential laws for spaces of smooth maps on products of manifolds modelled on
metrizable topological vector spaces over ultrametric fields.

Part IV: Examples of Lie Groups over Topological
Fields

13 Some classes of examples

In this section, we describe concrete examples of Lie groups over topological fields, to
illustrate the abstract theory presented so far. As we shall see, all of the major construction
principles for infinite-dimensional real or complex Lie groups carry over to more general
topological fields. For proofs, the reader is referred to [36].

13.1 Linear Lie groups

Paradigms of real or complex Lie groups are linear Lie groups, i.e., unit groups of unital
Banach algebras (or other well-behaved topological algebras) and their Lie subgroups. If
K is a general topological field, the right class of topological algebras to look at are the
continuous inverse algebras (or CIAs), i.e., unital associative topological K-algebras A
such that the group of units A* is open in A and such that the inversion map ¢: A* — A,
a — a~! is continuous. Then ¢ is smooth, and thus A* is a K-Lie group. For example, K is
a CIA. If A is a CIA over K, then so is the matrix algebra M, (A), for each n € N. Every
finite-dimensional unital associative K-algebra is a CIA when equipped with the canonical
vector topology (=& K?). If K is a compact topological space and A a CIA over K, then
the algebra C(K, A) of continuous A-valued maps is a CIA, with respect to pointwise
operations and the topology of uniform convergence. See [36] for further examples of CIAs
over general topological fields K, [28] for a detailed discussion of real and complex locally
convex CIAs from the point of view of Lie theory. Further examples have been compiled
in [37, 1.15]; cf. also [72].

13.2 Mapping groups

The second widely studied class of infinite-dimensional real Lie groups are the mapping
groups, for example, loop groups C(S!, G) and C*°(S!, G), where S' is the unit circle and
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G a finite-dimensional real Lie group ([55], [64]).

The classical constructions of mapping groups can be generalized to a large extent to the
case of Lie groups over topological fields. The following results can be obtained:

Proposition 13.1 (Groups of continuous mappings) Let X be a topological space,
K C X a compact subset, K a topological field, and G a K-Lie group. Consider

CK(X’ G) = {7 € C(X> G) 7|X\K = 1}5

the group of continuous G-valued maps supported in K (with pointwise group operations).
Then there is a uniquely determined smooth manifold structure on Cg(X,G) making it a
K-Lie group, and such that

defines a chart of Cx(X,G) around 1, for a chart ¢: G DU — V C L(G) of G such that
#(1) = 0. Here Cx(X, L(Q)) carries the topology of uniform convergence, Cx(X,U) =
{7y € Ck(X,GQ): im~y C U}, and Cx(X,V) :={y € Cx(X,L(G)): imy C V}. O

In particular, C(K,G) = Ck(K, G) is a K-Lie group for each K-Lie group G and compact
topological space K.

Proposition 13.2 (Groups of differentiable mappings) Let K be a locally compact
topological field, I a topological extension field of K, r € NgU{oo}, M a finite-dimensional
C"-manifold over K, K C M be a compact subset, and G an L-Lie group. Let C% (M, Q)
be the group of G-valued Cg-maps v on M such that y|ynx = 1, with pointwise operations.
Then there is a uniquely determined smooth L-manifold structure on C% (M, G) making it
an IL-Lie group and such that

Ck(M,U) = Ci (M, V) C Ci (M, L(G)), v~ dory

defines a chart of C%(M,G) around 1, for some chart ¢: G DU — V C L(G) of G such
that ¢(1) = 0, using the natural vector topology on C (M, L(G)).

If M is o-compact here, K # C, and if the topology on L arises from an absolute value,
then furthermore there is a natural L-Lie group structure on the “test function group”
Ci(M,G) = g Cx(M,G), modelled on the direct limit of topological L-vector spaces
CI(M,L(GQ)) = imC} (M, L(G)), uniquely determined by a condition analogous to the
preceding ones (se_e> [36]; cf. [1] and [59] for the case where G is a finite-dimensional real
Lie group, [27] for the case where K =R, L € {R, C} and L(G) is locally convex).

13.3 Diffeomorphism groups

If K is a local field (of arbitrary characteristic) and M a o-compact finite-dimensional
smooth K-manifold, then the group Diff(M) of all C*-diffeomorphisms of M can be made
a K-Lie group, and in fact in two ways, either modelled on the space

C®(M,TM) =lim C¥(M,TM)=1lim lim C%(M,TM)
— K

— K < peNy
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of compactly supported smooth vector fields, equipped with the LF-topology, or modelled
on the same vector space, equipped however with the coarser topology

0 B » o : »
C®(M,TM) pgo CP(M,TM) 1£anN01inK C? (M, TM)
(see [36]). Based on different notions of smooth and C*-maps (which involve additional
estimates and boundedness conditions), various diffeomorphism groups of manifolds over
local fields of characteristic zero have been considered as topological groups and as man-
ifolds (but not as Lie groups) in the works of S.V. Ludkovsky ([52], [53]). Cf. also [48],
[63], [54], [38], [55] for the classical constructions of Lie group structures on diffeomorphism
groups of finite-dimensional real manifolds.

13.4 Direct limit groups

Consider an ascending sequence G; C G4 C - - - of finite-dimensional Lie groups over K = R
or alocal field K, each a closed submanifold of the next. Then G := (J,,.y G can be given a
K-Lie group structure modelled on the locally convex direct limit lim L(G,,), making it the
direct limit of the given directed sequence in the category of K-Lie goups (modelled on not
necessarily locally convex topological K-vector spaces) and smooth homomorphisms [36].
This result extends earlier studies in [58], [59], and [29].

Remark 13.3 As shown in [33], every finite-dimensional smooth p-adic Lie group (in
the sense considered in this article) admits a C*°-compatible analytic Lie group structure
making it a p-adic Lie group in the usual sense (as in [20] or [70]). It would be interesting
to know whether this result generalizes to smooth p-adic Banach-Lie groups (where only
partial information is available so far, [33]), or to Lie groups over complete ultrametric
fields (or at least local fields) of positive characteristic.

Remark 13.4 Part III and IV, Proposition 6.9, the second subsection of Section 7 and
much of its first subsection were contributed solely by the second author, and may become
part of his Habilitationsschrift.

A Vector-valued forms and polynomial mappings

In this appendix, K denotes a commutative ring with unit 1, and E, F' are K-modules. For
v € E, the (first order) difference operator A,, acting on maps ¢: E — F, is defined by

Ayq(7) = q(z +v) — q(z);

then A,q is again a map F — F; iterating, we define the k-th order linearization of g by

Lyq(z;v1,. .. v5) == (A, .- Ay ) (2).

Since the difference operators A, and A,, commute, this is symmetric in vy, ..., vg.
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Definition A.1 An F-valued form of degree k is a map ¢: E — F which is homogeneous
of degree k (i.e., q(tx) = tFq(x) for all t € K, x € F) and such that

qu(o’ Viy--- s Uk)
is K-multilinear in vy, ... , vg.

For k = 2 our definition coincides with the usual definition of an F-valued quadratic form
(cf. [18]). We will derive some consequences of the last condition. In a first step, let us
forget the multiplication by scalars from K and consider F, F' just as Z-modules, i.e., as
abelian groups.

Lemma A.2 For a map f: E — F the following are equivalent:
0) f is affine over Z, i.e., f(x) = a(z) + b with a: E — F additive and b € F.
1) Lof =0, i.e., for allu,v,x € E, A A, f(z) =

3) Forallx € E, the map E — F, v— A, f(z) is additive.

(0)
(1)
(2) Lof(0;-) =0, d.e., for allu,v € E, A A, f(0) =0
(3)
(4)

The map E — F, v — A, f(0) is additive.

Proof. Assume f is affine over Z. Then A, f(z) = f(z +v) — f(z) = a(v), hence A, f is
additive as a function of v and constant as a function of z. Thus (3) and (4) hold. Since
Ayc =0 for all constants, (1) and (2) follow.

Assume, conversely, that (4) holds. Set a(z) := f(z) — f(0) and b := f(0). Then
Aya = A, f. By assumption, v — A, f(0) = A,a(0) = a(v) —a(0) = a(v) is additive. Thus
f(z) = a(z) + b is affine over Z.

Assume (2) holds. As above, let a(z) := f(z)—f(0) and b := f(0). By (2), A,A,a(0) =
0 for all u,v:

0=oa(u+v)—a(u) —a(v)+a(0) =alu+v) —a(u) — a(v).

It follows that a is additive, and hence f(z) = a(z) + b is affine over Z.
Since clearly (3) implies (4) and (1) implies (2), the lemma is proved. O

Proposition A.3 For a map q: E — F the following are equivalent:
(1) Lgt1g =0, i.e., for all vy, ... ,vp, € E, Ayy ... Ay q(x) =0.
(2) Lk+19(0;-) =0, i.e., for all vy, ... ,vx € E, Ay, ... A, q(0) =0.
(3) For allx € E, the map E¥* — F, (v1,...,0) = Ay, ... Ay q(z) is k-additive.
(4) The map E¥ = F, (v1,...,v5) = Ay, ... Ay, q(0) is k-additive.
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Proof. Trivially, (3) implies (4) and (1) implies (2).

Assume (2). Let f := A,,...A,¢. Then f fulfils Condition (2) of Lemma A.2 and
hence is affine. By Condition (3) of Lemma A.2, v; — A, f(z) = A, ... Ay q(z) is
additive in v;. By symmetry, it is then additive in each argument vy,... , v, and hence
(3) holds.

Assume (4). Let f:= A,,...A,,q. Then A, f(0) is additive in v; and hence f is affine
by Lemma A.2. But then A, A,, f = 0 by part (1) of the lemma, and hence (1) holds. O

Lemma A.4 Let q: E — F be homogeneous of degree k over K. Then, for all x € F,
Liq(0;z,... ,z) = klg(x).

Proof. Since both sides depend only on the values of ¢ on the line Kz, we may replace ¢
by the map §(t) = q(tx) = tFq(z), i.e., we may assume that E = K, z = 1 and q(t) = t*.
But then A,q(t) = (t + 1)¥ — t* = kt*~1+ lower order terms, and the claim is proved by a
straightforward induction. |

Definition A.5 A map f: F — F between K-modules F, F is called a homogeneous
polynomial mapping of degree k if, for every K-linear surjection ¢ : E — F from a free K-
module E onto E, there is a k-multilinear map m : E* — F with f(¢(z)) = m(z, ... ,z).
The map f is called a polynomial mapping if it is a sum of homogeneous polynomial
mappings. Note that E — F, z — m(z,... ,z) is a homogeneous polynomial mapping in
the sense of [17] ch. 4, par. 5, no. 9 (where it is always assumed that the departure space
is a free module). In view of [17] ch. 4, par. 5, Prop. 13, this means that, given any system
of generators (e;);c; of E, the function f is given by an expression of the form

f(z tie;) = Z t%aq,
i€l la|=k

using the usual multi-index notation ¢* := [[.., ¢ and |a| := ), o; for a multi-index «

which vanishes almost everywhere. The coefficients a, € F' of course depend on (e;);c;s.

If E itself is free, it is easily seen that our definition coincides with the one from [17].
Comparing with Definition A.1, we see that every homogeneous polynomial map of degree
k is a homogeneous form. For k£ = 0,1 the converse is clear, and for £ = 2 we have:

Lemma A.6 If q: E — F is a quadratic F-valued form, then it is a homogeneous poly-
nomial map of degree 2.

Proof. In case F is free, this is proved in [18] Ch. 9, par. 3, Prop. 2. The general case
follows by applying this to the quadratic form q o ¢ where the linear map ¢ is as in A.5. O

Note that the proof of the quoted result from [18] does not immediately carry over to
general k; thus it is not clear whether the analogue of A.6 holds for general k. For smooth
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forms we prove this in 5.5. Finally, we remark that a more formal concept of polynomial
mappings between modules has been defined by N. Roby in [65] (see also the appendix of
[50] for the basic facts). Quadratic maps in the sense of [65] give rise to quadratic maps as
defined here; this is proved in [65], but for maps of higher degree no analogues are given.
It would be desirable to have general algebraic results clarifying the relations between the
various concepts.
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